APPROXIMATIONS OF KOOPMAN OPERATOR
SEMIGROUPS

A Dissertation

Submitted to the Graduate Faculty of the
Louisiana State University and
Agricultural and Mechanical College
in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

n

The Department of Mathematics

by
Ibrahem M. AL Jabea
B.S., Al al-Bayt University, 2005
M.S., Louisiana State University, 2022
May 2025



© 2025

Ibrahem M. AL Jabea

i



Acknowledgments

I sincerely thank my advisors, Dr. Frank Neubrander and Dr. Mustafa Hajij, for
their patience, guidance, and support throughout my graduate studies. Their knowledge
and experience have been invaluable to my research and growth.
I also appreciate Dr. James Oxley for his mentorship in teaching, as well as Dr. Oliver
Dasbach, Dr. Bijaya Karki, and Dr. Harris Wong for serving on my committees and pro-
viding valuable feedback.
I am grateful to the Department of Mathematics for its support and resources.

Most of all, I thank my wife, Noujoud, for her endless love and encouragement.

iii



Table of Contents

Acknowledgments . . . . . . ... iii
List of Figures . . . . . . . . . . v
List of Tables . . . . . . . . . . e vi
Abstract . . . . . . viii
Chapter 1. Introduction . . . . . . . . . . . .. ... 1
Chapter 2. Koopman-Lie Semigroups . . . . . . . . .. .. ... ... ... ... 7
2.1. Flows . . . . . e 7
2.2. The Koopman-Lie Global Linearization Approach . . . . . . . .. ... .. 10
2.3. Strongly Continuous and Bi-continuous Semigroups . . . . . . . . . . . .. 17
2.4. Modified Koopman-Lie Semigroups . . . . . . . . . . ... ... .. .... 28
Chapter 3. Exponential Splitting of the Koopman-Lie Operator. . . . . . . . . .. .. 42
3.1. Introduction . . . . .. . . . ... 42
3.2. Chernoff’s Product Formula . . . . . .. .. .. ... ... ... ...... 43
3.3. Nonlinear Versions of Standard Product Formulas . . . . . ... ... ... 48
3.4. Higher-order Exponential Splitting Schemes . . . . . . . . .. .. ... .. 57
3.5. Numerical Experiments . . . . . . . . . ... . oL 62
Chapter 4. Koopman-Lie Invariant Subspace . . . . . . . . .. .. ... ... ..... 81
4.1. Introduction . . . . . . .. L 81

4.2. Motivating Examples and the Existence of Koopman-Lie Invariant Sub-
SPACES. « v v v e e e e e e e e e e e e e e e e 82
4.3. Computing the Koopman-Lie Invariant Subspace. . . . . . . ... ... .. 88

4.4. Application of the Koopman-Lie Invariant Subspace Computation Algo-
rithm . . . 91
4.5. Applications of Koopman-Lie Eigenfunctions . . . . ... ... .. .. .. 104
Appendix A. . . L 114
Bibliography . . . . . . . 116
Vita . . . e 122

v



List of Figures

3.1

3.2.

3.3.

3.4.

3.5.

3.6.

4.1.

4.2.

Plot of (3.5.1) and of the approximations x,,,, for Lie-Trotter and Strang with
n=135and 10. . . . . . . . 63
Lotka-Volterramodel . . . . . . . . . .. .o 66
Plot of (3.5.15) and the approximations of z,,,, for Lie-Trotter, and Strang with

n=14,n=20,andn=30. . . . . ... ... 72

Plot of (3.5.15) and the approximations of x,, ,, for Lie-Trotter and Strang with

n=23,5and 10. . . . . . ... 72
Lie-Trotter with n = 50, 100, 1000 and 100000. . . . . . . .. . ... ... ... 7
Strang with n = 50, 100, 1000 and 100000. . . . . . . . . . . ... ... 78
Comparison of the third-order method and RK45 for the LV model. . . . . . . . 108
Comparison of the third-order method and RK45 for the SIR model. . . . . . . 111



List of Tables

3.1

3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.

3.11.

3.12.

3.13.

3.14.

4.1.

4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

Absolute error of Lie-Trotter product (Epie). . - - .« « o o o oo oo oo 64
Absolute error of Strang product (Esirang)- - - - - « « « v o oo 64
The values of ELiEZt!—Q". ................................ 65
The values of Esmmgmt—’f. .............................. 65
Lie-Trotter Product of Lotka-Volterra model, n = 10000. . . . . . . ... .. .. 68
Absolute error of Lie-Trotter of Lotka-Volterra model, n = 10000. . . . . . . . . 68
Strang Product of Lotka-Volterra model, n = 10000. . . . . . . .. .. ... .. 69
Absolute error of Strang of Lotka-Volterra model, n = 10000. . . . .. ... .. 69
Absolute error of Lie-Trotter product (Erze). - - -« « o v v v v v v oo oo 73
Absolute error of Strang product (Estrang). - « « - « v v oo v oo c e 73
Lie-Trotter of 3-dimentional Lotka-Volterra model, n = 10000. . . . . . . . . .. 79
Absolute error of Lie-Trotter of 3-dimentional Lotka-Volterra model, n = 10000. 79

Strang product of 3-dimentional Lotka-Volterra model, n = 10000. . . . . . . . . 80
Absolute error of Strang of 3-dimentional Lotka-Volterra model, n = 10000. . . 80
Eigenfunctions of Example 4.4.1. . . . . . . .. .. ... oL 93
Eigenfunctions of Example 4.4.2. . . . . . . .. ... oL 94
Eigenfunctions of Example 4.4.3. . . . . . . . . ... oL 95
Eigenfunctions of Example 4.4.4. . . . . . . .. ... oL 97
Eigenfunctions of Example 4.4.5. . . . . . . . . ... ... . 100
Eigenfunctions of Example 4.4.6. . . . . . . . . .. ... ... 102
Eigenfunctions of Example 4.4.7. . . . . . . . ... oL 103

vi



4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

Hamiltonian function of LV2D. . . . . . . . . . . ... 106

The FE, of the third-order approximation is compared with E; of RK45 for the LV

model. . Lo 108
Relative error of different approximations for the LV model at ¢ = 100. . . . . . 109
Hamiltonian function of the Kermack-McKendrick model (SIR). . . . . .. .. 110

The FE, of the third-order approximation is compared with E; of RK45 for the

SIR model. . . . . . . 111
Relative errors for different approximations for the SIR model at ¢ = 100. . . . . 111
Hamiltonian function of LV3D. . . . . . . .. ... .. oL 112

The E, of the third-order approximation is compared with F; of RK45 for the
LV3D model. . . . . . . . e 113

Relative errors for different approximations for the LV3D model at t =10. . . . 113

vil



Abstract
The main purpose of this dissertation is to study approximation methods for non-

linear systems using Bernhard Koopman’s Global Linearization Method or Sophus Lie’s
method of continuous transformation groups. This approach enables the application of
linear semigroup methods to a nonlinear system by focusing on the dynamics of the ob-
servables of the states, rather than directly studying the dynamics of the states. In this
dissertation, we studied the pointwise semigroup and introduce the modified space C,,(£2)
and the modified Koopman-Lie semigroups. We use a splitting operator and outline a sys-

tematic approach for approximating the pointwise Koopman-Lie semigroup flows
t = T(t)g(x) = go(t,x)) = e®g(2),
where t — o(t,x) € Q is the underlying flow describing the dynamical system, where
F(Q,C):={g:Q—C}

denotes the vector space of all functionals (observations) ¢ from the set 2 into C.
Also, we used a particular simple way of computing e?*g(z) for measurements g
that are eigenfunctions of K to eigenvalues A; that is, functions g, that satisfy gy (z) =

Agx(z) for all x € Q. In this case,

T(t)ga(z) = e®gr(z) = gr(o(t, x)) = g ().

In particular, we investigated the extent to which eigenvalues and eigenfunctions of the
linear Koopman-Lie operator, which generates the observations of the underlying nonlin-
ear system, can serve as useful tools for approximating and/or studying the qualitative
properties of the underlying nonlinear flow (see [38]).
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Chapter 1. Introduction

“Among all of the mathematical
disciplines the theory of differential
equations is the most important... It
furnishes the explanation of all those
elementary manifestations of nature
which involve time.” —Sophus Lie

A dynamical system is a system whose state is determined by a set of variables
(state and time variables) and rules (functions). In other words, dynamical systems are
described by their trajectories evolving in state space over time. They are generally non-
linear, and this nonlinearity is often a central challenge in analyzing and describing the
systems mathematically. However, in contrast to nonlinear systems, the tools used to an-
alyze linear systems are now part of the mathematics curriculum worldwide (e.g., linear
algebra, complex analysis, functional analysis, spectral theory, etc.).

Towards the end of the 19th century, several scientists highlighted the impossibil-
ity of precisely determining the state of every particle (position, momentum, etc.) within a
gas or fluid. Notable figures in this development include Ludwig Boltzmann (1844-1906),
Josiah Gibbs (1839-1903), and Henri Poincaré (1854-1912). This insight made it clear
that understanding the evolution of macroscopic quantities, such as temperature and pres-
sure, over time was essential. This shift in focus contributed to the development of an al-
ternative framework for dynamical systems, based on the concept of the dynamics of ob-
servables — a framework later formalized in quantum mechanics by Heisenberg, Dirac,
and von Neumann.

A key element within this framework is the Koopman-Lie operator — a linear op-
erator that effectively captures the dynamics of observations within a dynamical system.

By encoding the evolution of observable functions along the trajectories of dynamical sys-



tems, the Koopman-Lie operator provides a global linearization of nonlinear systems. This
approach enables the study of nonlinear dynamical systems using the tools of linear math-
ematics, offering a powerful framework for analyzing complex dynamics (see [22] and [23]).
While preparing this dissertation, we came across Gerhard Kowalewski’s 1931 book
Introduction to the Theory of Continuous Groups; see [24]. Kowalewski, a doctoral student
of Sophus Lie in the 1890s at the University of Leipzig in Germany, demonstrates that Lie
had already employed the concept of flow semigroups and their generators—referred to as

Lagrange operators—in his study of ordinary differential equations

where F' = (Fy,...,Fy) and F; : RY 5 Q — R. To further emphasize Lie’s foundational
contributions to the framework later developed by Bernhard Koopman, we will henceforth
name key elements of the resulting theory—flows and their generators—after both Bern-
hard Koopman and Sophus Lie, [27].

In Chapter 3, we will outline a program to approximate pointwise linear Koopman-

Lie semigroup flows

t T(t)g(x) = glo(t,2), (1.0.1)
where t — o(t,x) € Q is the underlying flow describing the dynamical system, where
F(Q,C):={g:Q2—C}

denotes the vector space of all functionals (observations) g from the set 2 into C. The

map t — o(t,x) € Q is defined for all 0 <t < m(x), where

m(x) =sup{T : o(t,x) € Qforall0 <t < T}

2



is the blow-up or escape time of a flow o in Q with initial value 0(0,2) = =z € Q and
o(t,o(s,x)) = o(t+ s,x) forall 0 < ¢,s,t + s < m(x). Throughout this work, if 2 is a
topological space, we always assume that m : © — m(x) is a continuous function from 2 to
(0, 0] or, equivalently, that 1/m is continuous from €2 to [0, 00). For g € F(Q,C), the flow

properties imply that

for all x € €} and
T)T(s)g(x) =T(t+s)g(z)

for all z € €y, where

Qy={xreQ:t<m(z)}.

Moreover, for x € €, the map x — T'(t)g(z) is pointwise linear in the sense that

T(t)(agr + g2)(x) = aT'(t)gi(z) + T(t)ga(w)

for all g1, g2 € F(Q,C) and a € C. Clearly, if the flow is global (i.e., if m(z) = oo for all
x € ), then T'(t)g(x) = g(o(t,z)) defines a linear operator 7T'(¢) with domain and range in
F(Q,C), see Section (2.4). However, if the flow is local (i.e., if m(z) < oo for some z € Q),
then a pointwise linear Koopman-Lie semigroup flow ¢ — T'(t)g(x) = g(o(t,z)) does not
fit into any of the classical semigroup theories because T'(t) does not define a linear opera-
tor with domain and range in a vector space of functions. However, and this is somewhat

surprising, the infinitesimal generator

g(o(t, ) — g(x)

Koo s tim T00() — 0(2)

t—0+ t t—0+

(1.0.2)



is always a well defined linear operator with domain
D(K) :={g € F(2,C) : limit in (1.0.2) exists for all z € Q}
and range in F(), C). Formally, K is given by
Kg(z) =T'(0)9(z) = ¢'(x) - (0, 2). (1.0.3)

and

forall z € Q and 0 <t < m(x).

Since the semigroup flow is generated by the Koopman-Lie operator I, and as we
will see below, since K can often be decomposed into a sum of operators K = Ky + - +
K., we suggest using operator splitting methods to approximate e*g(z) = g(o(z,t)) =
etRit=+Kn) g(1); e.g., exponential splitting based on standard product formulas such as
the Lie-Trotter and Strang product formulas or via composition methods by F. Castella,
P. Chartier, S. Descombes, G. Vilmart as well as E. Hansen and A. Ostermann (see [18]
and [44]), which allow us to approximate e’*g(z) in terms of the explicitly computable

Ki

semigroups e™ig(z). Furthermore, we will indicate a particular simple way of computing

e*g(z) for measurements g that are eigenfunctions of K to eigenvalues \; that is, func-

tions gy that satisfy Kgx(z) = Aga(x) for all z € 2. In this case,

e®gr(x) = gr(o(t, ) = ega().

We will provide several examples that show how o (¢, x) can be determined by the knowl-

edge of g\(o(t,z)) = egy(x) for sufficiently many eigenfunctions gy. Also, as shown



in [38], the eigenvalues of the Koopman-Lie operator K provide information that is use-
ful for the stability analysis of the underlying dynamical system. For example, in certain
spaces M of observations, finite-time blow-up occurs if and only of K has a positive eigen-
value. Information about an underlying dynamical system can be captured by selecting an
appropriate functional space F(£2,R). As shown in [3], for a subset 2 C R¥ a sequence

{z,} converges to x as n — oo if and only if

g(x,) — g(x) for all g € Cp(Q,R).

This result provides a characterization of convergence in terms of functionals (general-
ized observables), allowing the analysis of the underlying system through the behavior of
bounded, continuous functionals.

In Chapter 4, we propose, among others, to study the eigenvalues and eigenvectors
of Koopman-Lie operators in detail. In this setting, it is important to notice that we have
the freedom to appropriately choose a T'(t)—invariant subspace M C F(£2, C) of obser-
vations. For example, if one can find a finite-dimensional space M = span{gi, g2, ..., dn}
that is invariant under K, then the associated finite dimensional representation K|y := K
of the Koopman-Lie operator C will have an eigenvalue with an eigenfunction in M, and
the matrix exponential e g can be computed explicitly for all g € M.

Some of our research focuses on the existence and Koopman-Lie eigenfunctions,
specifically identifying and investigating the existence of finite-dimensional invariant sub-
spaces M C F(Q,C) of observations, and, in particular, identifying such subspaces as
"Koopman-Lie eigenfunctions” for nonlinear systems of ODEs. We propose to analyze an

algorithm we constructed for computing finite-dimensional invariant subspaces M of ob-



servations and explicit Koopman-Lie eigenfunctions for a variety of nonlinear systems of
ODEs, particularly in two dimensions, with the potential for generalization to higher di-
mensions. This algorithm requires a well-chosen initial library of observables g € F(£2,C),
and it is the focus of our investigations to determine under which conditions our algorithm
will be able to explicitly compute a sufficient number of Koopman-Lie eigenfunctions in

finite time.



Chapter 2. Koopman-Lie Semigroups

“ The purpose of mathematics is not
to find the truth, but to find the best
possible description of the truth.”
—Bernard Koopman

Let X be a real or complex vector space. A semigroup is a family of linear maps
T(t): X — X (t > 0) that satisfy
(1) T(0) = 1,
(2) T(t+7r)=Tt)T(r) for all t,r > 0.
If the property (2) holds only for 0 < ¢,r,t + r < T for some 7" > 0, then the semigroup is
called local, For example, let g € C|0, 1] and define

T
1—uxat

>, for0<zx<land0<t<1.

T()g(x) = 9 (

Then, T'(t) defines a local semigroup for 0 <t < 1.

As we will see below, such semigroups appear, for example, in the context of Koop-
man’s global linearization of nonlinear evolutionary processes. To explain this in more de-
tail, we will introduce in the following sections the notions of a flow, the associated semi-
groups (semigroup flows), and their Koopman-Lie generators.

2.1. Flows

Let Q be a nonempty set, ¢ # I C R a time interval, and 2; = I x . We assume

that for each (s,x) € Q there exists a stopping time m(s,z) € (0, 00] such that [s,s +

m(s,z)) C I and a function
V() =Y () =7(- +5,5,2) : [0,m(s,x)) = Q (2.1.1)

that satisfies

(1) ~(s,s,z) =z, and



(2) yt+r+s,r+sv(r+ss2)=vt+1r+s,s, )
forall 0 < t,r,t +r < m(s,x). The function ~(-) is called a flow map in €2 and the point
(s,z) € Qy is called the initial space-time state. For 0 < ¢t < m(s,x), y(t + s,s,2) € Q

represents the state of a system and

(t‘i‘S,’Y(t‘i‘S,S,ZL’) GQI

represents the space-time state after time ¢ has passed. A flow

U= {y(-+s,s,2):[0,m(s,x)) = Q| (s,z) € Q} (2.1.2)

is the family of all flow maps « in Q and the ordered pair (2, V) is called a deterministic

system.

A flow map ~(+) is said to be time-autonomous if there exists so € I such that
m(so, x) = m(s,z) and
y(t +s,s,x) = y(t + S0, So, T)
for all (s,z) € Qr and 0 <t < m(s,x) = m(sg, z) := m(x).

For a time-autonomous flow, define

o(t,x) :=~(t + s, S0, T)

forz € Qand 0 < ¢t < m(x). Then 0(0,2) = x for allz € Q. Also, if z €  and
0<t,r,t+r<m(x), then it follows from (2) that
o(t,o(s,z)) =~(t+ so, S0, 0(s,x)) = Y(t + S0, S0, V(s + S0, S0, T))
- ’Y(t + s+ 50, S + 50, ’Y(S + S0, S0, .’L’))

=(t + s+ S0, 80,x) = o(t + s, ).



This leads to the following definition. Let €2 be a non-empty set. Assume that for each

x € Q) there exists a m(z) € (0, 00] and a function

o(-,x):[0,m(z)) — Q

such that, for all z € Q and 0 < ¢,r,t +7r < m(x),

0(0,z) =2 and o(t,o(r,z)) = o(t +r,z). (2.1.3)

Then t — o(t,x) is called a time-autonomous flow map in Q with initial state z € Q.
Moreover,

Y :={o(,x):[0,m(x)) - Q|c(0,2) =z; v €O}

is called an autonomous flow in 2 and the ordered pair (2, ¥) is called an autonomous

deterministic system.

Let I := [a,00) be a time interval. Then every autonomous flow o (-, x)

[0,m(z)) —  induces a flow

vy=7(+s,smx):[0,m(s,z)) = Q

by defining m(s,z) := m(x) and (- + s, s,x) := o(-,x) for all (s,z) € Q;. Conversely, the
next proposition shows that every flow W can be represented as an autonomous flow in the
"larger” space-time set €2y :=Q x [I.

Proposition 2.1.1. Let 2 be a non-empty set,  # I C R an interval, Oy = I x €,
(s,x) € Qr and let (Q, V) be a deterministic dynamical system with flow maps t — ~(t +

s,s,x) € Q for (s,x) € Qr and t € [0,m(s,z)). Then

t —o(t,zs) =o(t,(s,2)) == (t+s,7(t+ s,8,)) € Q (2.1.4)

9



is a time-autonomous flow in Qp with initial space-time state T4 := (s,x) € Qr andt €

[0, m(Zy)), where m(zs) = m(s,x).
Proof. Obviously, ¢(0,Zs) = (s,7(s,s,z)) = (s,z) = @5 for all =, € ;. Moreover,

ot 0(r.2)) = olt,(r-+ 5,7(r + 5,5,2)
={t+r+s,yt+r+sr+syr+s,s,z)))
=(t+r+s~y{t+r+s,s))
=o(t+r,(s,2)) = ot +7,7;)

for o5 = (s,z) € Qrand 0 < t,r,t +r < m(s,z). ]

Because of Proposition 2.1.1, we will henceforth restrict our attention to autonomous dy-
namical systems. Nevertheless, we will highlight examples where the autonomous flow
arises from an arbitrary flow via (2.1.4).
2.2. The Koopman-Lie Global Linearization Approach

Let (€2,%) be an autonomous deterministic system, let Z be a complex vector space
of observations, and let

F=FQ,2)={9g:Q— 7}

be the complex vector space of Z-valued measurements (functionals) of the states in

(observables). For z € 2, g € F, 0 € 3, and 0 < t < m(z) we define

T(t)g(x) == g(o(t,z)). (2.2.1)

Then, for 0 < t < m(z), t — T(t)g(z) = g(o(t,x)) € Z is the observation under g of the
flow map t — o(t,x) € Q with initial state z € Q at ¢ = 0. The key of Koopman’s and
Lie’s approach is that, for ¢ € F (2, Z) the functions t — T'(t)g(x) (x € 2,0 <t < m(x)

10



define a pointwise linear semigroup flow. That is, if x € Q, 0 < ¢, h,t+h < m(zx), f,g € M,

and A € C, then the following “ pointwise exponential properties ” hold:

(2) T(t+ h)g(x) =T(t)T(h)g(z), and

B) TN - g+ fl(z) = A-T(t)g(x) + T(t)f(x).
The key property of the stopping time m(z) = sup{T > 0 : o(t,x) € Q forall 0 <t < T}
of a flow in the study of pointwise linear semigroup flows is as follows

Proposition 2.2.1. Let (2,%) be an autonomous deterministic system with stopping time

m(z) =sup{T >0:0(t,x) € Q,0<t<T}. Then

m(o(t,x)) =m(x) —t

forallz € Q and 0 < t < m(z). Moreover, if my,s := inf{m(z) : © € Q}, then either

Miny = 0 or Mypy = 0.

Proof. Suppose that there exists z €  such that 0 < m(z) < co. Let 0 < ¢, < m(z)
and define 7 := o(tyg,z) € Q. Then o(t,z) = o(t,0(to,x)) = o(t + to,x), implies that

m(Z) = m(x) — to. This shows that either m;,; = 0 or m;,; = oo. O

Clearly, if m;,,; = oo, then (2.2.1) defines linear operators from the vector space
F(Q, Z) into itself, satisfying T(0) = [ and T'(t + r) = T'(t)T(r) for all t,r > 0. The
situation is more elaborate if m;,; = 0. In this case, for all g € F(Q2, Z) and all ¢t > 0, the
function h : @ — T(t)g(x) = g(o(t,x)) is not in F(Q, Z) since h is not defined for x € Q
for which m(x) < t. That is, if m;,,y = 0, then T'(t)g ¢ F, for all ¢ € F. To overcome this
obstacle, there are two ways to proceed. The first way is to use time-dependent domains
Q= {z € Q :t < m(x)} and investigate T'(t)g(z) := g(o(t,z)) in terms of linear

11



operators from F(Q, Z) to F(Q4, Z) where ; C Qg C Qy = Qif ¢t > s > 0. The second

way is to consider the modified Koopman-Lie semigroup

glo(t,z)) 0<t<m(x),
T(t)g(z) = (2.2.2)

0 t > m(x).
on the modified space F,, (2, Z), which will be defined in Section 2.4.
In either way, the exponential properties, (i) and (ii) suggest that t — T'(t)g(z) =
e®g(z), where Kg(z) = T"(0)g(z). Since Z is a Banach space, one can define the linear
operator K with domain and range in F(€2, Z) by

Kg:x — lim Tt)g(x) — 9(x) = lim

t—0t t t—0t

g(o(t,x)) — g(x) (2.2.3)

for g € D(K) := {g € F : limit in (2.2.3) exists for all z € }.

The linear operator K : D(K) C F — F is called the generator of the pointwise
linear semigroup flow ¢t — T'(t)g(z) = g(o(t,x)) or the Koopman-Lie generator of the flow
t — o(t,x). It is important to note that the Koopman-Lie generator K is a well defined
linear operator on F (possibly with trivial domain) even if m;,,; = inf{m(z) : =z € Q} =0.

In the literature, semigroups and Koopman-Lie semigroups for which m;,y = 0o are
well studied on 7'(t)-invariant subspaces of M C F(€, Z); see, for example, [9], [10], [12],
25], [36]. This is less true for Koopman-Lie semigroups for which m;,,; = 0. To our knowl-
edge, aside from [37], [38], [39], pointwise linear semigroup flows with m;,; := inf{m(x) :
x € Q} = 0 have not yet been systematically studied as operators from F(£2, Z) into
F(Q4, Z). The same is true for local semigroups {7T'(t) : 0 < t < T}, pointwise linear

semigroup flows ¢t — T'(t)g(z) = g(o(t,x)), and modified Koopman-Lie semigroups (2.2.2).
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As mentioned earlier, instead of considering the operators T'(¢) acting on F(£2, Z)
with range in F(Q, Z) (if m;,y = 00) or F(Qy, Z) (if m,yp = 0), one could as well take a
subspace M C F(Q,Z) or M; C F(£4, Z) that is measurement-invariant (or equivalently,
T(t)-invariant). That is, for £ > 0, and g € M. The measurement z — T'(t)g(xz) =
g(o(t,z)) € M. It should be observed that by introducing the concept of T'(¢)-invariant
function spaces M of F(Q2,C), we can consider classical function spaces like Cy,(Q) if € is
a topological space or even a finite-dimensional vector space M = {g1, 92, - , gn} for some
g € F(, 2).

As noted above, the exponential properties (1), (2) and (3) suggest that a pointwise

linear semigroup flow ¢ — T'(t)g(x) = g(o(t,z)) may be represented as
T(t)g(x) = e™g(x), (2.2.4)

where e*g(x) is computable via one of the many representations of the exponential func-
tion. For example, if I would be a bounded linear operator, then possible representations

of the exponential function ¢t — e are given by the Taylor expansion
e®g(r) =)  —K"g(x),

n!
n=0

(this approach was taken by Sophus Lie in the development of the theory of Lie series) or

by the Chernoff product formula

oo = i r () o)

n—oo n
where 7 is a smooth function with r(0) = »/(0) = 1, or by

1

(o) = 5 [ AT 1) gla) ar
27TZ r
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where I' is a closed path around the spectrum of K.

As mentioned above, the literature covers many classes of linear operators K for
which e*g(x) can be defined in a mathematically rigorous way (e.g., generators of semi-
groups that are uniformly continuous, strongly continuous, bi-continuous, equi-continuous
on locally convex spaces, integrated semigroups, distribution semigroups, etc.). However,
for many Koopman-Lie generators K it remains an open problem in what sense the iden-
tify (2.2.4) is valid. One of the goals of my dissertation research to investigate how the

tiKc

pointwise linear semigroup flow ¢t — T'(t)g(z) = €™ g(z) = g(o(t,x)) can be approximated

in terms of the Koopman-Lie generator .

Example 2.2.2. [Sophus Lie]. Let F': RY — R be given by F' = (F, ..., Fy) where
F, : RY — R and assume that 2/(t) = F(z(t)), 2(0) = € Q C RY has a unique
classical solution o(t,z) := x(t) for allz € Q and 0 < t < m(x). Then it is easy to see
that t — o(t,x) := x(t) defines an autonomous flow and that the corresponding Koopman-
Lie generator, see (2.2.3), of the pointwise linear semigroup flow T'(t)g(x) := g(o(t,x)) is

formally given by

Kgla) i=lim glo(t,x)) —g(x) _ dg(ocx,x)) 3
=g(o(t,z)) - &(t,x) - 9(x(0)) - F(x(0)) = g(x) - F(x) (2.2.5)
P HCRACE il/cigm,
where Kig(z) = $2(x) - F;(x) generates the semigroup
eig(x) = gloy, ..., 21, 00(t, 3), Tig 1, .o, TN, (2.2.6)
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and where o;(t, z;) solves the one-dimensional, separable equation
u(t) = Fi(xy, oy ooy wim1, u(t), Tig1, ..., oy ) with u(0) = ;. (2.2.7)

As Example 2.2.2 shows, for flows ¢ — o(¢,x) induced by solutions of ordinary
differential equation z/(t) = F(z(t)), (0) = = € Q, the induced pointwise linear semigroup
flow t — T(t)g(x) = g(o(t,z)) has a formal Koopman-Lie generator IC that splits into a

sum of one-dimensional Koopman-Lie generators IC;, i.e,
K:’C1+K2++KN

Since formally,

T(t)g(z) = e™g(x) = erHet-thng (),

it is a natural approach to try to compute T'(t)g(x) = g(o(t,x)) = e*g(x) by using opera-

tor splitting formulas like the Lie-Trotter product formula

: ti, t t
etFitRatdhn) — i (enKren®z, enknyn,
n—oo

In the remainder of this chapter, we will refine this approach to make precise in what

sense the pointwise linear semigroup flow

t = T(t)g(z) = " g(x) = g(o(t, x))

can be approximated in terms of the Koopman-Lie generator K. To analyze the conver-
gence of such operator splitting methods, we will review some basic facts from the theories
of strongly continuous and bi-continuous semigroups and apply them to both global and

local pointwise linear semigroup flows.
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In Chapter 4, we propose an alternative way to compute e*g(z) = g(o(t,z)) via
finite-dimensional invariant Koopman-Lie subspaces. Instead of working on F(£2,C) or a
"large” T'(t)-invariant subspace thereof, we aim to construct a "small,” finite-dimensional
subspace M C D(K) c F(Q,C), spanned by linearly independent measurements

{91, 92, -, gn} € F(Q,C), such that CM C M.
Example 2.2.3. In cases where the autonomous flow
o(t,zs) == (t+s,7(t+s,s,2))
is induced by a non-autonomous flow ¢ — ~(t + s,s,z), the pointwise linear operator
semigroup flow is given by
t—=>T(t)g(s,z) =g(t+s,v(t+s,s,2)) (2.2.8)

where 0 < t < mf(s,z), (s,z) € Qr, and g € M C F(Qy, Z). For such semigroup flows, the

Koopman-Lie generator of (2.2.8) is formally given by

T(t)g(s,x) — g(s,x)

Kg(s,z) :=lim
=50 t (2.2.9)
gl s+ ss0) — gls.)
t—0 t

with domain D(K) = {g € M : Kg(s,z) exists for all (s,z) € Q; and Kg € M}. Formally,

for g € D(K),
Kg(s,z) = gs(s,x) + g-(s,2)7'(s,8,2) = K19(s, ) + Kag(s, z). (2.2.10)
O
In cases where a non-autonomous flow ¥(-, s,x) := z(-) is induced by the unique
solution of the non-autonomous system
7' (t) = F(t,z(t)), v(s) =2 € RN (t > s) (2.2.11)
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for some F : RV*! — RY one can define u(t) := z(t + s), y(t) :=t + s, w(t) := (y(t), u(t))

and rewrite (2.2.11) as an autonomous system

(2.2.12)

Therefore, w(t) = (y(t),u(t)) = (t + s,7(t + s,s,2) = o(t,T;) is a solution of (2.2.12)
w'(t) = F(w(t)), w(0) = Z, = (s,z), where F(t,z(t)) = (1, F(t,z(t)) is a function from
RN+ to RVFL Tt follows that the non-autonomous problem (2.2.11) for F' : RN+t — RY
can be rewritten as an autonomous problem (2.2.12) for F' : RN*! — RN*! and can
therefore be solved as outlined in Example 2.2.2.
2.3. Strongly Continuous and Bi-continuous Semigroups
Let X be a complex vector space and £(X) be the set of bounded linear operators

from X into X. A family {7'(¢),t > 0} C L£(X) is called a strongly continuous semigroup if

(1) T(0) = 1,

(2) T(t+7r)=Tt)T(r) for all t,r > 0,

(3) t — T'(t)z is continuous from [0, c0) into X for each z € X.

If {T'(t),t > 0} C L(X) is a semigroup of linear operators, then the linear operator A

defined by

D(A)={z € X : limM

Jim =y exists in X}, Az :=y for z € D(A)
is called the generator of the semigroup {7'(t),t > 0}.

If the semigroup is strongly continuous, then the domain D(.A) is dense in X, A is
a closed linear operator, and there exists w € R such that A\I — A is invertible for all A € C

with Re(\) > w (see [11]). Also, it is well known that all strongly continuous semigroups
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are exponentially bounded; i.e., if (1)-(3) hold, then there exist M > 1 and w € R such that
IT(t)]] < Me** for all t > 0, (see, e.g [11], page 39).

The following result presents the fundamental properties of strongly continuous
semigroups; for more details, refer to [11] and [15].
Proposition 2.3.1. Let (A, D(A)) be the generator of a strongly contiuous semigroup T .
Then the following are valid.

(1) The semigroup T commutes with A on D(A) and, for allt >0,

.Ang(s)xds ifeeX
Ttr —x= (2.3.1)

f(f T(s)Axds if v € D(A).
(2) (A, D(A)) is a closed linear operator and D(A) is dense in X.
The following example shows that qualitative properties of a pointwise linear semi-
group flow rely heavily on the choice of the space M C F(, 7).
Example 2.3.2. Let Q@ = R, and let t — o(t,z) = t + z be the unique solution of
2'(t) = 1 with initial z(0) = = € Q. Then, m;,; = inf{m(z);x € Q} = oo, and the induced

Koopman-Lie semigroup is given by
t—=Tt)g(x) =g(o(t,x)) = g(t + x). (2.3.2)

This defines a semigroup on F = F(Q2,C) and on all T'(¢)-invariant function spaces
M C F. However, while the algebraic semigroup properties, T'(0) = I, and T'(t + r) =
T(t)T(r) for all t,7 > 0 hold on all T'(t)-invariant M C F, the regularity property (3)
depends heavily on M. For example,
(1) if M = Cy(]0,00),C) = {g € Cy([0,00),C) : xh_)rgog(x) = 0}, then it can be easily

seen that the semigroup (2.3.2) is strongly continuous since g vanishes at infinity and is
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uniformly continuous on compact intervals.
(2) if M := Cy([0, 00), C), then the shift semigroup (2.3.2) is not strongly continuous. This

can be seen by taking g(x) = ¢**. Then,

% r+x)? i(t+x)?
|T(t+r)g—T(t)gll = Sglgle ()™ gl

(42 2,2 (42 2
— sup |€z(t +2tx+2tr+2xr+ri+a) 6z(t +2xt+x )|

>0

= sup ‘ei(Qtr+2xr+T2) . 1‘ —9

x>0

for all ¢, > 0. So, t — T(t)g is nowhere continuous and, therefore, not measurable on

[0, 00) since it is not almost separably valued (see, for example Pettis’ Theorem in [1]).

The shift semigroup (2.3.2) on M := Cj([0,00),C) is an example of semigroup
that is not strongly continuous but “bi-continuous”. The bi-continuous semigroup frame-
work, introduced by F. Kithnemund in her dissertation [25] at the University of Tiibingen,
provides an efficient approach to the work of Dorroh, Lovelady, Neuberger, and Sentilles,
see [25], [12], and [13]. One of the key features of the bi-continuous semigroup framework
is that many important results from the theory of strongly continuous semigroups can be
lifted to bi-continuous semigroups.

The shift semigroup (2.3.2) on M := C4([0, 00), C) is bi-continuous in the following
sense: for each t > 0, T'(¢) is a continuous (bounded) linear operator from the Banach
space M into itself with respect to norm topology on M, while for each f € M the map
t — T(t)f from [0,00) — Cy([0,00),C) is continuous with respect to the compact-open
topology, or equivalently, the topology of uniform convergence on compact sets. This leads

to the concept of bi-admissible Banach spaces (M, || - ||, 7).
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Definition 2.3.3. Let (X, || - ||) be a Banach space and let 7 be a topology on X. Then
(X, || -], 7) is a bi-admissible Banach space if the following conditions are met:
(i) The topology 7 is locally convex and is determined by a directed family of semi-

norms P for which p(z) < ||z|| for all x € X and p € P.

(ii) Any sequence in X that is bounded with respect to the norm || - || and is Cauchy

under the topology 7 will converge within the space (X, 7).

(iii) The topology 7 is Hausdorff and coarser than the || - ||-topology.
(iv) The space (X, 7)* is norming for (X, ||-||); i.e., ||z|| = sup{|u(z)|}, where the supre-

mum is taken over all p € (X, 7)" C (X, | - ||)’ with [ju] < 1.

Let © be a complete, separable, metric space (Polish space) and let Cy,(€2) denote
the Banach space of bounded complex-valued function on €2 equipped with the sup norm
|| flloo := sup,eq |f(z)]. Then Cy(€2) has an additional locally convex topology 5 defined
as the finest locally convex topology on Cy(2) agreeing with the compact-open topology T.
on || - ||eo-bounded sets, where 7. is defined by the family of seminorms P = {px : K C
), K compact }, where pg(f) := sup{|f(z)| : z € K}.

F. D. Sentilles [47] obtained the following fundamental result in 1972 (see also [25]).
Theorem 2.3.4. Let Q be a complete, separable, metric space (Polish space). Then f, €
Cy(Q) converges with respect to B if and only if || fu|loo is bounded and f, converges with
respect to T.. Moreover, Cy()) is bi-admissible with respect to || - || and B.

Locally convex topologies and families of seminorms are closely related. In partic-
ular, every locally convex space possesses a separating family of continuous seminorms.
Conversely, a separating family of seminorms on a vector space can be used to define a lo-

cally convex topology, ensuring that each seminorm is continuous, see Theorems 1.36 and
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1.37, [45]. This relationship can be described as follows: Let {p,}acr be a family of semi-
norms on a vector space X, where « is in some index set I. Then {p,}a.cs is called sepa-
rating if for every x € X with = # 0, there exists an a € [ such that p,(z) > 0. Every
separating family of seminorms {p, }ac; defines a locally convex Hausdorff topology o on

X by taking as a base finite intersections of the sets
1
Boni={r € X | pa(x) < E}’

where o € I and n € N.

For a given separating family of seminorms {p, }aes, define X, := (X, 7) to be X
equipped with the locally convex Hausdorff topology 7 generated by {pa}acr. Conversely,
for every locally convex Hausdorff topology 7 with base B on X, we can construct a sepa-

rating family of continuous seminorms {uy }yep by considering the Minkowski functional
py(z) =inf{A > 0|z € \V},

for every V' € B. The topology generated by {uy }vep and 7 coincide. Thus, the concept
of a bi-admissible Banach space can be reformulated in terms of the seminorms that gener-
ate its topology 7.
Definition 2.3.5. Let (X, || - ||) be a Banach space and let 7 be the topology generated
by a family of seminorms {p, }acr on X. Then X = (X, || - ||, 7) is a bi-admissible Banach
space if p, satisfies the following conditions:
(i) ||lz| = sig)pa(a:) for all z € X.

(ii) Every norm-bounded, p-Cauchy sequence is p-convergent in X.

(iii) = 0 if and only if p,(z) = 0 for all &« € I (separating).

(iv) (X, 7)* is norming for (X, | - ||).
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Example 2.3.6. Let X be Banach space. Then(Cy([0,00), X), || - ||oo, 7e) is bi-admissable

Banach space.

Proof. Tt is well known that (Cy([0,00), X), || - ||) is Banach space. The seminorms
pu(f) = Oiug || f(s)]] meet the conditions (i) - (iii) of Definition 2.3.5. Now we show that
(C([0, oo),_X_),TC)* is norming for (C([0,00), X),|| - ||). Observe that for all s > 0 and
r* € X* with ||2*]] < 1, the point evaluations g .+ defined by (f, s ) = (f(s),z*)

< 1. The Hahn-Banach Theorem implies

are contained in (Cy([0,00), X), 7.)* and [|@s .~
that for all € X, there is an z* € X* with ||z*|| = 1 and ||z| = |(z,2*)|. Now, for all

[ € Cp(]0,00), X), there is a sequence s, > 0 and x} € X* with ||z}|| = 1 such that

1f]l = sup 1f(sn)l| = SUp [(f(sn), 73)| = Sup [(f, Psnar)

< sup [(fr)] < sup [(Fro)l < -
P€(Cp([0,00),X),7e) % [0l <1 P€(Cp([0,00),X),[I-lloc) * [l <1
Therefore, (Cy([0,00), X), || * ||oo, 7e) is bi-admissible. O

Having introduced the concept of a bi-admissible Banach space, we can now pro-
ceed to introduce the concept of bi-continuous semigroups.
Definition 2.3.7. Let (X, || - ||, 7) be a bi-admissible Banach space. An operator family
{T'(t) : t > 0} C L(X) is a bi-continuous semigroup with respect to 7 and of type w if the
following conditions hold:
(i) T(0) =T and T'(t +s) = T'(t)T(s) for all s, > 0.
(ii) The operators are exponentially bounded, i.e.; | T(¢)|| < Me*! for all t > 0 and
some constants M > 1 and w € R.

(iii) The map t — T'(t)f (t > 0) is strongly 7-continuous for each f € X.
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(iv) T'(t) is locally bi-equicontinuous, where for every 7-convergent null sequence f,, C
X, T-TLILIEO T(t) f, = 0 uniformly for ¢ in compact intervals of R, .

The following definition is required to outline the main properties of bi-continuous
semigroups and their generators.
Definition 2.3.8. Let (X, || - ||, 7) be a bi-admissible Banach space.

(a) A subset D C X is called bi—dense if for every g € X there exists a || - ||-bounded
sequence g, € D which is 7—convergent to g.

(b) An operator (K, D(K)) is called bi-closed, if for all sequences g, € D with
sug{”gnH, Ign||} < o0, 7—limg, =g, and 7 —lim Kg, = f, we have g € D(K) and
ne
Kg=f.

(¢) The generator (K, D(K)) of a bi-continuous semigroup 7'(¢) on X is given by

T(t)g —
Kg:=71— lim —( )99

t—0t

forall g € D(K) :={g € X : 7 — limy_,o+ T(t)tgfg exists, sup {w} < o0}
0<t<1

In the following, we review some key results from the theory of bi-continuous semi-
groups. The bi-continuous semigroup framework, introduced by F. Kithnemund in her dis-
sertation [25] at the University of Tiibingen, provides an efficient approach to the work of
Dorroh, Lovelady, Neuberger, and Sentilles, see [25], [12], and [13].

Theorem 2.3.9. Let (KC, D(K)) be the generator of a bi—continuous semigroup T'(t) of
type w on a bi-admissible Banach space (X, || - ||, 7). Then the following properties hold.
(i) The generator (KC, D(K)) is bi-closed and the domain D(K) is bi-dense.

(i) All A € C with R(\) > w are in the resolvent set of IC (therefore KC is closed) and,

23



forallge X,
RN A)g=1— /00 e MT(t)g dt.
0
(iii) Let Xo be the norm-closure of D(K). Then Xy is T(t)—invariant and the restriction
of T(t) to Xo is a strongly continuous semigroup generated by the part of K in Xo.

Proof. For a proof, see [25]. O

Theorem 2.3.4 immediately yields the following corollary (see also [12]).
Corollary 2.3.10. Let Q be a complete, separable, metric space (Polish space). An opera-
tor family {T'(t) : t > 0} C L(Cy()) is a bi-continuous semigroup with respect to 5 and of

type w if and only if the following conditions hold:

(1)) TO)=1 and T(t + s) =T(t)T(s) for all s,t > 0.

(i) The operators are exponentially bounded, i.e.; ||T(t)|| < Me“" for allt > 0 and

some constants M > 1 and w € R.
(#ii) The map t — T(t)f (t > 0) is strongly T.-continuous for each f € Cy(2)).

(iv) T(t) is locally bi-equicontinuous, where for every norm-bounded, T.-convergent null
sequence f, € Cy(Q), it follows that T.-lim, . T(t) f, = 0 uniformly for t in com-

pact intervals of R, .
Proof. See, [12]. O

In the following example, we will use Corollary 2.3.10 to show that the shift semi-

group is bi-continuous.
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Example 2.3.11. The shift semigroup T'(t)f = f(t + ), f € Cy([0,00),C) is a bi-
continuous semigroup. To see this, observe that Cy([0, 00), C) is bi-admissible and that
the properties (i) and (i) of Definition 2.3.7 are satisfied. Let f € C,([0,00),C), € > 0,

and M > 0. Since f is uniformly continuous on [0, M], if follows from

sup [T'(t)f(x) = f(z)| = sup [f(z+1)— [f(z)|

0<z<M 0<z<M
that there is a > 0 such that, for all 0 < t < §, O<SupM |T(t)f(x) — f(z)| < e. Thus,
<z<

the map ¢ — T'(t)f is strongly 7.-continuous from [0, c0) into Cy([0, 00), C), where 7,
is topology of uniform convergence in a compact subset of [0, 00). Now, we prove item
(iv) of Corollary 2.3.10. Let f, be a norm-bounded sequence in Cy([0,00), C) that con-
verges to zero in the 7. topology (i.e., || fulloo < C for all n, and for every M > 0,
Sup,ejo.m [fu(z)] — 0asn — oo). We need to show that for all M,T" > 0, we have

S[l(}%[ | |T(t) fn(z)] — 0 uniformly in ¢ € [0,7]. This follows directly from the fact that
€0,

sup |T(t)fu(z)] = sup |fu(t+2)| < sup |fu(x)] = 0asn— co. O
z€[0,M] z€[0,M] z€[0, 7+ M)

The Koopman-Lie semigroup T'(t)g(x) := g(o(t,z) induced by a jointly continuous

and global flow o : R, X — € in a Polish Space €2 may not always be strongly continuous
for g € Cy(€2) with respect to the sup-norm. In joint work done by J.R. Dorroh and J.W.

Neuberger, Koopman-Lie generators (K, D(K)) of jointly continuous and global flows on 2

were completely defined, where the graph (g, f) consists of g, f € C(Q2) for which

Kg(z) = f(z) = lim 9E7) ~9(@)

t—0t

for all x € Q.

The main result of the joint work of Dorroh and Neuberger [12,25] concerning jointly con-

tinuous, global flows, as follows.
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Theorem 2.3.12. [Dorroh-Neuberger]. Let Q be a complete, separable, metric space
(Polish space) and let (K, D(K)) be a linear operator on Cy(2). The following are equiva-
lent:
a) (K,D(K)) is the Koopman-Lie generator of a jointly continuous, global flow in ).
b) (K, D(K)) is a derivation (i.e., K(fg) = (Kf)g + f(Kg) for all f,g € D(K) and
generates a bi-continuous semigroup with respect to 7. induced by a jointly continu-
ous flow.
In particular, Koopman-Lie semigroups induced by jointly continuous, global flows in a

Polish space Q2 are bi-continuous contractions in (Cy(2), || - ||oc, Te)-

Proof. See [25] and [12]. O

In the following example, we will demonstrate how to prove the bi-continuous semi-
group property using Definition 2.3.7 and Theorem 2.3.12.

Example 2.3.13. Consider

2'(t) = —x(t)’, t>0, 2(0)=z¢€Q=]0,00),

with unique, jointly continuous, global solution o(t,z) = 5= € Q. The Koopman-Lie

semigroup is given by

T(0(0) = stott.) =9 ;) 233)

with generator Kg(z) = —x2¢/(x). Tt follows from the Dorroh-Neuberger Theorem 2.3.12
that the Koopman-Lie semigroup is bi-continuous in (Cy([0,00), | - ||ec, Te)-
The map t — T'(t)g is continuous as a map from [0, 00) into C([0, 00), C) endowed

with the topology of uniform convergence on compact subsets of [0, 00). For any compact
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subset [0, M] C [0,00), the condition sup |T'(t)g(x) — g(x)] — 0 ast — 0T is satisfied.
z€[0,M]
Since g € ([0, 00), C) is uniformly continuous on compact subset [0, M], for all € > 0,

there exists d > 0 such that |g(y) — g(x)| < € whenever |y — x| < ¢ for all z,y € [0, M]. We

have

t2
|a<t,x>—x|=\ v —\ i

T| = < tx? < tM?.
14+ tx 14tz

)

For sufficiently small ¢ < %, we have tM? < 4. By the uniform continuity of g on [0, M],

we get

|T<t>g<x>—g<a:>|:'g( ") o) <

1+tx

for all z € [0,M] and ¢ < -%. Thus, we have shown that ¢ — T(t)g is a continuous
map from [0, c0) into Cy([0, 00), C) endowed with the topology of uniform convergence on
compact subset of [0, 00). It is obvious that the operators T'(t) constitute a semigroup of
bounded linear operators with ||T°(¢)|| < 1 for ¢ > 0 on Cy(]0,00),C). To complete the

proof that the semigroup is bi-continuous on Cy([0,00), C), we need to prove item (iv) of
Definition 2.3.7. That is, we show that T(¢) is locally bi-equicontinuous, meaning that for

every T.-convergent null sequence g, € Cy([0,00),C), it follows that 7.-lim, .. T'(t)g, =

0 uniformly for ¢ in compact intervals of R, . For this, let g, be a 7.-convergent null se-

quence in Cy([0,00)],C); i.e., for all M > 0, sup |gn(2)] — 0. Since 5 € [0, M] for all
z€[0,M]

x € [0, M] and all t > 0, it follows that

T
sup  [T(t)gn(z)| = sup  |gn( )| < sup [ga(2)] =0
2€[0,M],t>0 2€[0,M],t>0 I +tx 2€[0,M]
as n — 0o. Thus, 7.- lim T'(t)g, = 0 uniformly for ¢ > 0. O
n—oo
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2.4. Modified Koopman-Lie Semigroups

To simplify the notation, let m be a continuous function from € to (0, cc]. Alterna-
tively, m : Q@ — (0, 00] is such that = : Q@ — [0, 00) is a continuous function.

Let z € © C RY and let t — o(t,z) be a global flow; m(z) = oo for all z € Q.
Then T'(t)g(x) = g(o(t,z)) defines a linear operator 7'(t) with a domain and range in
F(Q,C) or in a T'(t)-invariant subspace of F(2, C). However, if the flow o is local (i.e.,
if m(z) < oo for some x € (), then the pointwise linear Koopman-Lie semigroup flow
t — T(t)g(z) = g(o(t,x)) does not fit any of the classical semigroup theories because
Ming = inf{m(z),z € Q} = 0 (see Proposition 2.2.1) and g(o(t,z)) is defined only if

t < m(z). For example, consider the IVP
Z@t)=1, z(0)=z€Q:=10,1),
with the solution t — o(t,z) ;== z(t) =t + x for 0 <t <m(z) =1 —z. For g € G,[0, 1),
t—=>T(t)g(x) =g(t+z), te€l0,1—21)

is a pointwise linear semigroup flow with Koopman-Lie generator Kg(z) := T7(0)g(z) =
Jd(z), DIK) := {g € G[0,1) : ¢ € C4[0,1)}. Observe that for fixed ¢ € [0,1) and
g € Cp[0,1), the function

he:x— T(t)g(z) =g(x +t)

is only defined for z € [0,1 — ¢). This implies that the operator 7'(¢) is a bounded linear
operator from C[0,1) to Cp[0,1 — ¢) but not from Cy[0, 1) into itself. To address this situ-

ation, we consider the modified space Cy[0,1) := {g € C}[0,1) |lim,; g(x) = 0}, and the
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“modified Koopman-Lie semigroup” on ([0, 1) defined as:

glz+1t) if 0<t<m(z)=1-z,
T(t)g(x) =
0 if t>m(z)=1-ux.

Observe that x — T'(t)g(x) is continuous at x = 1 — ¢, that 7T'(¢) defines a bounded linear

semigroup, and

lim 7'(t)g(x) = 0.

z—1
Thus, for all t > 0, T'(¢) is a well-defined bounded linear operator from Cy[0, 1) into itself
(see also Example 2.4.7).

As a second example, we consider the IVP
/() =x(t)?, t>0, x(0)=2z¢€cR,
with the solution ¢ — o(t,r) := - for ¢ > 0 and stopping time

+if 2> 0,
m(z) =

oo if z <0.

In this situation, if we consider Q2 := [0, 1] and take g € C]0, 1], then T'(t)g € C|0, 1] for

0 <t <1, where

T(t)g(a:)zg( ) for 0 <z < 1.

1—at
Thus, T'(t) defines a local semigroup for 0 < ¢ < 1. Let ¢ > 0 be fixed.

However, if Q2 := [0, 00), the function

T(H)g(x) = glo(t,2)) = g( u ) (2.4.1)
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is not well-defined on 2. For example, if t = }1, then 2.4.1 is not defined for x > 4. This
shows that T'(t) as defined in 2.4.1 is not a semigroup of operators on any function space

from Q := [0, 00) into R. But, as before, we consider the modified space
Co[0,00) = {g € G4[0,00) | lim g(z) = 0},

and the “modified Koopman-Lie semigroup” on Cy[0,1) defined as:

9(7%;) if O§t<m(x):%,
0 if t>m(z)=21

For fixed ¢ > 0, it is clear that  — T'(t)g(x) is continuous at « = }. Moreover, we have

lim 7T'(t)g(x) = 0.

T—r0o0

Consequently, T'(t)g € Cy[0,00) and T'(t) is a well-defined linear operator from C[0, 00)
into itself (see also Example 2.4.4).

As a final example, consider the IVP

Z'(t) = z(0) =z € Q:=(0,00) (2.4.2)

with solution ¢t — o(t,z) := Va2 —t € (0,00) for 0 < ¢t < m(z) = 2. Again, for fixed
t > 0, the function x — T(t)g(x) = g(v/22 — t) is not well-defined if 2% < ¢, and therefore,
T'(t) is not a semigroup of operators on any function space from (0, c0) into R. However,

as above, on the modified space

Co(0,00) = {g € Cy(0,00) | lim g(x) = 0},
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the corresponding modified Koopman-Lie semigroup can be defined as

g(Wx2—1t) if 0<t<m(z)=21?
T(t)g(x) =
0 if ¢ >m(z)=2%

Then T(t)g € Co(0,00) and it follows that T'(t) is a bounded linear operator from

/CVO(O, o0) into itself (see also Example 2.4.9).

For flows with m;,s = inf{m(z),z € Q} = 0 (i.e., local flows), the Koopman-Lie semigroup
T(t)g : © — g(o(t,x)) is defined only for z € ; := {x € Q : m(z) > t}, not for all z € (.
However, as the examples above suggest, for local flows it may still be possible to define a
modified Koopman-Lie semigroup on appropriately adjusted function spaces C,,(€2) that
depend on the properties of the flow o(t, ) and its stopping times m(x).

In the rest of this section, we explore whether the proposed modified space C,,(£2)
is well-defined and functional in different scenarios.

To construct the space C,,(€2), we begin with a locally compact  C RY; see Ap-
pendix A. Define

Q if €2 is bounded,

- 00

QU {0} if Q is unbounded.

A neighborhood of "00” is given by U, := {Q — K} U {oco}, where K C () is a compact
subset of Q. Let m : Q@ — (0,00] be a continuous function and let the boundary 052 be
defined as

() := Q7 \ int(Q).

Then the "modified boundary” is defined as

Om(Q) :={z € 0(Q) | Az, € Q, such thatz,, -  and m(z,) — 0} . (2.4.3)
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The modified space C,,(£2) can be defined as

Cn(2) :={g € C,(Q)| lim g(x)=0}. (2.4.4)

—0m (2)

It is easy to see that the space C,,(2) is a Banach space when equipped with the supre-

mum norm ||g||e := sup |g(x)|, see Appendix A.
z€Q

2.4.1. Modified Koopman-Lie semigroups on C,,(2)
To discuss modified Koopman-Lie semigroups, we need to define joint continuity for

a local flow o with m;,; = 0.
Definition 2.4.1. Let Q C RY be locally compact. A local flow o : [0,m(z)) x Q — Q is
said to be jointly continuous if

(1) its stopping time function m :  — m(x) is continuous from €2 into (0, 0o},

(2) t — o(t,x) is continuous for ¢ € [0, m(z)) for all x € Q, and

(3) * — o(t,x) is continuous on €, = {x € Q : m(x) > t} for all ¢ > 0. That is, if

x € Q, t >m(z), and z,, —  such that m(x,) > t, then o(t,z,) — o(t, ).
Remark 2.4.2. Recall from Proposition 2.2.1 that if m(z) > ¢, then

m(o(t,x)) =m(z) —t.

Given a local flow t — o(t,z) with stopping times m(x), the modified pointwise

linear semigroup flow is defined as

T(t)g(z) := (2.4.5)
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When considering (2.4.5), the first key issue is whether the operators T'(¢) defined
by (2.4.5) map C,,(Q2) into itself. The following assumption provides a condition on the
local flow o that ensures the modified Koopman-Lie semigroup (2.4.5) maps C,,(2) into
itself.

Assumption A : Let z,, € Q. Then |z,| — oo if and only if m(z,) — 0.

Since m(o(t,x) = m(x) — t, Assumption A implies the following weaker assumption.

Assumption A* : Let z,, € Q. If m(x,) >t and m(z,) — t, then |o(t, z,)| — .

Let Q C RY be locally compact. For local flows in €2 satisfying Assumption A* we will

consider, among others, the modified space

Co(2) :={g € Cp(Q) : if z,, € Q and |z,| = o0, then g(z,) — 0}.

Proposition 2.4.3. Let Q C RY be closed and consider a local, jointly continuous flow
o that meets Assumption A*. Then, the modified Koopman-Lie semigroup {T(t),t > 0}

defined by (2.4.5) is a bounded linear operator from Cy(Q2) into itself.

Proof. For a fixed t > 0 and g € Cy(Q2), we show that the function h(z) := T(t)g(z) €

Co(Q). Let 29 € Q, for 0 <t < m(xg), and r > 0 there exists a neighborhood

Up(xo) :={z € Q| d(z,x9) < r and m(x) > t},

where d is the metric defined on 2. Since the flow o is jointly continuous and g € Cy(2),

it follows that for all x € U,., we have

lim T(H)g(z) = lim g(o(t,2)) = g(o(t. 20)) = T(H)g(ao).

T—T0 Tr—T0
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In the case where m(zg) < t, because of the continuity of m, there exists a neighborhood

U, of xy such that m(z) < t for all x € U,(xq). Thus,

lim T(t)g(z) = 0 =T(t)g(xo).

T—T0

Now, we show that the modified Koopman-Lie semigroup is continuous at m(xy) = t.
Let x, € Q, with z,, — x¢ and m(z,) > t. By the continuity of m, we have m(z,) —
m(zo) = t. Define z;} = {x,, | m(x,) < t}, =z, = {x, | m(x,) > t}. Then, T(t)g(z;") =

0 = T'(t)g(xo). Moreover, by Assumption A* | |o(¢,z,, )| — oo, which implies T'(t)g(z;,) =

glo(t,z,)) = g(oo) =0 ="T(t)g(zo). Thus, we conclude that T'(t)g(x) € Co(2).

[l
Example 2.4.4. Consider
7' (t) = 2%(t), z(0) =z € Q:=[0,00).
with the solution ¢ — o (t,z) := ;%= € Q for 0 < ¢ < m(z) = 1. Observe that the function

T(t)g(x) = g(:=;) is only defined on time-dependent domains €, := [0, 1), but not on

1—xt

Q = [0,00). Thus, T'(t)g(x) = g(=%;) is not a semigroup of operators on any function

space. To define T'(t)g(z) on €2, we consider the modified space
€0, 50) = {g € C4([0.00)] lim g(z) = 0},

and the modified Koopman-Lie semigroup on
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For fixed t > 0, the map  — T(t)g(z) is continuous at = 1, and xh_)rg@ T(t)g(x) = 0.
Thus, T'(t)g € C,,[0,00) and T'(t) is well-defined operator from C,,[0, c0) into itself.

Now, we show that {T'(t),¢ > 0} is strongly continuous, i.e., the map ¢t — T'(t)g is
continuous for all ¢ > 0. However, it is sufficient to show that it is continuous at ¢ = 0.
Let g € C},[0,00), and choose d, > 0 such that |g(z)| < § for all # > §,. For any compact
subset [0, d,] C [0, 00), the condition s[lé% | T(t)g(z) — g(x)] — 0ast — 07 is satisfied.

x€[0,54

Since g € C,,(£2) is uniformly continuous on compact subset [0, d,], for all ¢ > 0, there

exists § > 0 such that |g(y) — g(z)| < € whenever |y — x| < ¢ for all z,y € [0,0,4]. We have

- to?
1t

x ta?
lo(t,x) — x| = —z| =
1 —tx 1 —tx

1
t

1

t62 .
55, We have =% < d,. By the uniform

. For sufficiently small ¢t < =

as long as x <

continuity of g on [0, d,], we obtain

<e
3

1—tx

IT(1)g(x) — gl)| = \g (155 ) - o

for all z € [0,0,] and ¢ < i. Therefore,

sup |g( )—g(z)] = 0ast — 0.

0<x<d, 1 —at

If x > 6,4, then z > that is, -£— > d,. This implies that

6Q
T+t64° Y Tt

sup [T'(t)g(z)| — 0.

xe[ég,%
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Consequently,

|T(t)g —T(0)glleo = sup [T(t)g(x) — g(w)]

z€[0,00)

< sup [T(t)g(z) — g(x)|+ sup [T(t)g(z)— g(z)|
z€[0,04) z€[dg,00)

(2.4.6)
< sup [T(t)g(z) — g(z)| + sup [T(t)g(x)]
z€[0,d4] me[(sg,%)

1
+sup [T'(t)g(z)| + sup |g(z)] — 0 aslongas t< —.
932% r>6g 5!]

Thus, T'(t) : Crh(2) — C,, () is strongly continuous C,, (€2)-semigroup.

Remark 2.4.5. Observe that the modified space C,,[0, 00) coincides with C[0, 00).

Example 2.4.6. Consider the initial value problem:
2'(t) =2%t), z(0)=z, x€Q:=][0,00).
The flow map t — o(t,x) is given by

o(t,r) = for 0 <t <m(x) =

_2_12.

X
V1= 2ta?’

The modified space is given by
Cn(2) := {g € Cy([0,00)] lim g(z) = 0}.
Let g € C,,(£2), and define the operator

T(t)g(x) = g(o(t.z)), 0<t< %

Then, the map ¢ — T(t)g is defined on Q; := [0, . Thus, T'(t) : Crr(2) — Cp(€2). We

1
75t
extend T'(t) to Cp,,(Q2) by applying 2.4.5,
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Clearly, the map z — T(t)g(z) = ¢ (ﬁ) is continuous at x = \/LE since

lim (%) = 0. Therefore, T'(t)g € C,,(]0,00)) and T'(¢) is well-defined opera-
Jm o (e (t)g € Cn([0.5¢) and T(1) b

tor from C,,[0, 00) into itself.
Similar to Example (2.4.4), we show that the map ¢ — T'(t)g is continuous at ¢ = 0.
In the same manner, we choose §, > 0 such that |g(z)| < g forallz > §,. Since g is

uniformly continuous on compact subsets, for all € > 0, there exists o > 0 such that
lg(y) — g(x)| < e whenever |y —z| <4, forall z,y e [0,d,]

We have the bound

_ tx3 < 2t53
VI-2tz? 2tx2 VT = 20221 — 2t2?) | T (1 - 2t5,7)3/2

lo(t,x) — x| =

For sufficiently small ¢ <73 2, we have

2t5§ 5
—_— .
(1 —2t6,%)3/2 g

By the uniform continuity of g on [0, d,], we get

T(09(0) - 360 = o (55 ) - o0

€ 1
<3 for all x € [0,0,] and ¢ < Egg'

Therefore,

sup |T(t)g(z) — g(x)] =0 ast— 0"
0<z<d,

If v > 0,4, then z > \/m for all t > 0, which implies that W > 04 whenever
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2tx? < 1. Therefore, sup |T(t)g(z)] — 0. Consequently,
xewmﬁ)

IT(t)g —T(0)gllo = sup [T(t)g(x) — g()]

z€[0,00)

< sup |T(t)g(x) —g(z)|+ sup [T(t)g(z)— g()|

z€[0,04] x€[dg,00)
(2.4.7)
< sup [T(t)g(x) —g(x)|+ sup |T(t)g(z)]
z€[0,d4] xG[%,ﬁ)
1
+ sup |T(t)g(z)| + sup |[g(z)] = 0 aslongas t<—.
12% >0y 2(59
Thus, T'(t) is a strongly continuous semigroup on C,,[0, 00). ]

If ©2 is not closed but only a locally compact, we need to verify whether Proposition
2.4.3 still holds. In the next example, we show that the modified Koopman-Lie semigroup

2.4.5 is still well-defined and strongly continuous on C,,(2), even when {2 is not closed.

Example 2.4.7. Consider the IVP
() =1, z(0) =z € Q:=10,1).

The flow o(t,z) = x + t is defined as long as 0 < x +t < 1, i.e.,, m(x) = 1 — . Again, the
function T'(t)g(z) = g(xz +1t) is not well-defined on Q = [0,1), i.e, T'(t)g(z) = g(x +1) is not
a semigroup of operators on any function space on [0, 1). However, everything works if we

consider the modified space
Cul€) = {g € G40, 1)] lim g(x) = 0}
and define the modified Koopman-Lie semigroup on C,,[0,1) as
glx+t) 0<t<1—u,
T(t)g(x) =
0 t>1—x.

38



For fixed t > 0, it is clear that the map @ — T'(t)g(z) is continuous at x = 1—t, and

lim 7'(t)g(x) = 0. Thus, T'(t)g € C},[0,1) and T'(¢) is a well-defined operator from C,,[0,1)

r—1

into itself. Moreover, T'(t) is bounded and ||T'(¢)|| < 1. Observe that sup |T'(t)g(z)| =
0<z<1

sup g(x +1t) < sup g(x +1) +supy_c, 1 9(x +1) = sup [g(y)| = [|g]l. Therefore,
0<z<1 0<zx<1-t 0<y<1

I7()]| = sup [T(t)gl] < sup [|g]] = 1.
lgll<1 lgll<1

Now, we show that {T'(t),¢ > 0} is strongly continuous; that is, the map t — T'(t)g
1s continuous at ¢ = 0.

Let g € Cp,,(€2), then

IT(t)g —T(0)glle = sup |T(t)g(x) — g(z)|

z€[0,1)

< sup |T(t)g(x) —g(x)|+ sup |T(t)g(z) — g(z)]
z€[0,d4] x€[dg,1)

< sup [T(t)g(x) —g(x)|+ sup [T(t)g(r)]
z€[0,d4] x€[0g,1—1t)

+ sup |T(t)g(z)| + sup |g(z)] - 0 aslongas t<1—4,.

z>1—t x>04

By the uniform continuity on the compact subset [0,d,] C [0,1), and g € C,,,(€2), for every
e > 0, 3d,, such that |g(z)| < € for all z > d,. Thus, t — T'(t)g is a strongly continuous
Cin(§2)-semigroup.

Remark 2.4.8. Observe that the space Cy[0, 1) coincides with the modified space C,,[0,1).

However, if Q2 = (0, 1), then the modified space is given by
Cn() = {g € G() | lim g(x) = 0},

and

Co(Q2) = {g € Go(Q) | lim g(z) = lim g(z) = 0}.
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Hence, we have Cy(2) C C,,,(€2). Moreover, if 2 = [0, 00), then the modified space satisfies

Example 2.4.9. Consider

2 (t) = , t>0, z(0)=2z¢€Q=(0,00),

the flow o(t,z) = Va2 —t € Q, 0 <t < m(x) := 22
The function T'(t)g(z) = g(vx? —t) is not well-defined if 22 < ¢, and therefore
T(-) is not a semigroup of operators on any function space from (0, c0) into R. However,

as above, we can define the modified space as
Cin(0,00) := {g € Cp(0,00) | lirr(l]g(x) = 0}, (2.4.8)
T—
and the modified Koopman-Lie semigroup,

g(Vaz—t) if 0<t<m(z)=a?
T(t)g(zx) = (2.4.9)
0 if ¢ >m(z)=2%
is bounded linear operator from the modified space C,, to itself. Similar to the previous

examples, we can show that T'(¢t) : C,,(0,00) — Cp,(0,00) is a strongly continuous semi-

group.

Next, we will consider a two-dimensional example.

Example 2.4.10. Consider the initial set 2 := (—1,00) X (—00, 1), and the system

(2.4.10)
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The flow o(t, (z,y)) = (%, y + t) exists if 0 < ¢ < m(z,y), where

1—at’

min{1,y+t} x>0
m(z,y) =
1—y xz <0.

The modified space C,,,(2) can be obtained from 2.4.4 as follows:

Cin(Q2) :={g € Co(0) | lim g(z,y) =0 and lim g(z,y) =0}.

(z,y)—(00,y) (z.y)—=(2,1)
The map ¢t — T'(t)g is only defined on time-dependent domains €, := {(z,y) € Q |t <
m(z,y)}. Thus, T(t) : Cp(Q) — Cp(€%), and can be extended to C,,(2) — C,,,(2) by the

modified Koopman-Lie semigroup

975y +1t) 0<t<m(x,y)
T(t)g(z,y) =

0 t>m(x,y).

For t > 0, if m(z,y) = min {1,1 — y}}, then the map « — T(¢)g(z) is continuous at z = 1

ory=1-—t,and
lim g(x,y) =0 and lim g(z,y) =0.

(z,y)—(00,y) (z,y)—(2,1)

Thus, T'(t)g € C,(€2) and T'(t) is a well-defined operator from C,,(€2) into itself. O
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Chapter 3. Exponential Splitting of the Koopman-Lie Operator.

“There’s a way to do it better — find
it.”
—John von Neumann

3.1. Introduction

To approximate solutions of initial value problems such as
Z'(t) = F(x(t)),z(0) = zo, (3.1.1)

where F' = (Fy,--- ,Fy), and F; : RY > Q +— R¥, the Koopman-Lie global linearization
approach provides a significant advantage by analyzing the nonlinear problem (3.1.1) in
terms of the linear Koopman-Lie semigroup ¢*g(zy) = g(x(t)). Moreover, the Koopman
operator can be decomposed into N operators Ky, KCo, ..., Ky, where each K; captures a
one-dimensional aspect of the dynamics — and, most importantly, where the semigroups
et are computable via separation of variables.

Suppose that, for each x € Q, there exists m(z) > 0 such that the IVP (3.1.1) has
a unique solution u : [0,m(z)) — Q. If so, for z € Q and t € [0,m(z)), define o(t,z) =
x(t). By Proposition 2.1.1, t — o(t,x) defines a flow in Q with induced pointwise linear
Koopman semigroup flow T'(t)g(x) := g(o(t, x)), where the measurement g is chosen from

a T'(t)-invariant subspace M C F(2,C). By Example 2.2.2, the Koopman generator is

given by

1=

N N
dg
Ko(w) =D 5—(x) - Fi(x) = >_ Kig(x),
TR i=1
with IC;g(x) := F;(x)g,,(x) for 1 <i < N. Approximating

g(o(t,2)) = T(t)g(z) = e™g(z) = " N g(2)

is challenging and computationally expensive. However, by splitting the problem into one-
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dimensional subproblems T;(t)g(x) = e ig(x), where each sub-problem can be computed
explicitly via separation of variables for all 1 < ¢ < N, the computation becomes more
manageable. Each IC; captures a one-dimensional aspects of the dynamics, and generates

the semigroup
Ti(t)g(x) = e™ig(x) = glar, -+ wima, 00t 20), T, - 2w,
where o;(t, x;) is the solution of the separable, first-order problem
W(t) = Fi(zy, -z, ult), 2, an), w(0) = .

As we shall see in the following section on ”Chernoft’s Product Formula”, one can

approximate

i) = A 0) = gl )

in terms of operators like
V(t)g(z) :=e* o 0evg(x)
for which V(0) = I and V'(0) = K.

3.2. Chernoff’s Product Formula

Standard references for Chernoff’s Product Formula, a key result of semigroup the-
ory, include [11], [42], [15], [44], and — for our purposes most importantly — the work of
Franziska Kithnemund [25] in which she extends the result to the bi-continuous case.

For Chernoff’s product formula to hold in a Banach space X, let
V() :[0,00) = L(X)
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satisfy V(0) = I, ||V (¢t)"|| < M for all t > 0, m € N, and some M > 1 and assume that

exists for all . € D C X, where D and (\g — K)D are dense subspaces in X for some

Ao > 0. Then the closure K of K generates a strongly continuous semigroup (7'(t))>o with

|T(t)]] < M(t > 0) which is given by

T(t)r = lim V(L) (3.2.1)

n—00 n

for all z € X and where the limit exists uniformly for ¢ in compact intervals.
In order to estimate the speed of convergence, one can employ the non-commutative

binomial theorem as follows. Let h = % Then

[V — T = 1V ()" — Ty < | V| v — 70 | ()|
<3 WV v - T | TRy (322
< M S|V = T | TER) < ndZ V() - T(R)].

The inequality above indicates that the error estimates for ||(V(h)"z — T'(t)z|| can be de-
rived from an estimate of ||V (h) — T'(h)|| for small values of h. To do so, one considers
approximations V' (¢) that are “of order p”; that is V'(¢) for which, in the case of matrices,

the first p Taylor coefficients coincide with the first p Taylor coefficients of

t? tr
T(t)x:et’Cx:x—i—thx—l—alCQx—i—---—i——'ICpx+---.
! p!
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Then, formally, for small values of h, one would then expect to obtain an estimate like

IV (h)x = T(h)x|

< 0 — k) - (ot — ) 4 (323)
=+ (p+2)! B
p+l
< h—Mz
(p+1)!

for some M, > 0. Together with estimate (3.2.2), and setting h = L we would then have

1 25p+1
LS MM, (3.2.4)

n? (p+1)!

V(5 = T(e)e]] <

In 2009, E. Hansen and A. Ostermann showed in [17] and [18] that the estimates (3.2.3)

and (3.2.4) hold for splitting methods of the form

V(t) = e - emmntion, (3.2.5)
j=1
where T'(t) = e and K = K + ... K, and where the real or complex coefficients «;’s

and f3;’s are chosen in such a way that the method V'(¢) has algebraic order p. For more
details, see Section 3.4.

Many of the central results of the theory of strongly continuous semigroups, es-
pecially those based on Laplace transform methods, can be lifted to the bi-continuous
case, [25]. One of the significant results is that Chernoff’s product formula extends to bi-

continuous semigroups.

Theorem 3.2.1. (Chernoff’s Bi-Continuous Product Formula) Let (IC, D(K)) be a linear
operator on a bi-admissible Banach space (X, || - ||, 7), where D(K) and (Aol — K)D(K) are
bi-dense in X for some N\g > w > 0. Moreover, let V(t) € L(X) be such that ||V (t)"|| <
Me“™ for alln € Ny and t € [0,9). If

, . V(g —
Vi()g = -1 - im YHIZI kg

t—0t
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for all g € D(K) and if {V(t)™ : t > 0} is locally bi—equicontinuous uniformly for m € N,

then the bi-closure of (KC, D(K)) generates a bi-continuous semigroup T'(t) and

n—o0

t n
T(t)g=7— lim (V(—)) g (3.2.6)
n
for all g € X and t > 0 uniformly in t on compact intervals.
Proof. See [25]. O

If one applies (3.2.6 to bi-continuous Koopman-Lie semigroups on Cj(£2), then one

obtains that

T(00) = o(ott.) =7~ tim (VD) 90) =7 gl 327

n—o0 n—0o0

uniformly in compact time intervals for all g € C,(€2). The following proposition, due to

Arun Banjara (3], shows that (3.2.7) implies that, for all x € ,

o(t,x) = lim o,(t, z). (3.2.8)

n—oo

Definition 3.2.2. Let 2 be a metric space. Then, for z,,z € ), we say that x,, is weak-

Cy(€2) convergent to x and write z,, G, i g(xn) — g(zx) for all g € Cp(92).

Proposition 3.2.3. Let Q C RY. Then the following statements are equivalent.
a) T, = x asn — o0,

b) g(x,) — g(x) as n — oo for all g € Cy(,R).
Proof. See [3]. O

Many approximation formulas can be derived from Chernoft’s Product Formula.

For example,
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(1)

V(t) := Ti(t)T5(t), where Ti(t) and T»(t) are strongly continuous contraction semi-
groups on a Banach space X with generators (K;D(K;)) and (Ko, D(K3)), respec-

tively. Then V(0) = I and ||V (¢)™| < 1 for all t > 0, m € N and

h—0Tt h h—0+ h
T — T, _
= gim 2=y, Bz (3.2.9)
h—0t h h—0t
= ]CQZC -+ ’leL’.

So, consider K = K; + K2 on D := D(K;) N D(K;) and assume that D and (g —

K1 — K2)D are dense in X. Then, by Chernoft’s theorem,
K=K +Ks

generates a strongly continuous semigroup (7°(t))(>0) given by the Lie-Trotter prod-

uct formula

_ tot\
for all x € X and the limit is uniform for ¢ in compact intervals. The Lie-Trotter

product formula has approximation order 1; that is, in general there exists a con-

stant M, such that

IT(t)g — (VLT(%))ngu < Mot

If V(t) :=T5(5)T1(t)T2(3). Then, by Chernoff’s theorem,
K= ]Cl + ’CQ

generates a strongly continuous semigroup (7'(t))>0) given by the Strang product

formula

T(t)z = lim <TQ(%)T1(E)T2(%))> . (3.2.11)

n—0o0



for all z € X and the limit is uniform for ¢ in compact intervals. In general, the
Strang product formula has approximation order 2; that is, in general there exists a

constant M, such that

M,

g;t
n2

s - (Vs(2)) ol <

Remark 3.2.4. The Lie-Trotter and Strang product formulas can also be employed
in cases where the Koopman-Lie generator IC can be split into N simpler parts K =
K1+ -+ Ky. Then we can rewrite the Lie-Trotter and Strang product formulas,
as follows:

(3) If V(t) := T1(t)T5(t) - - - Tn(t). Then, the higher dimensional Lie-Trotter product

formula is given by

, ot £\
T(t)x = 7}1—{20 (Tl(ﬁ)TQ(E) - TN(E)> x. (3.2.12)
(4) V() == Tn(L) - Ti(t)-- - Tw(%). Then, the higher dimensional Strang product

formula is given by

T(t)r = lim <TN(%)~--Tg(%)Tl(%)Tg(%)-~~TN(i)> .. (3.2.13)

3.3. Nonlinear Versions of Standard Product Formulas
In this section, we apply Koopman-Lie’s global linearization method to exponential

splitting schemes for nonlinear ordinary differential equations (ODEs) of the form
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where F' : R? — R. More generally, later in this section, we consider systems of /N-
dimensional ODEs. To gain further insight into the splitting method, we examine two-

dimensional nonlinear ODEs of the form:

(3.3.1)

where F, G are smooth functions from R? — R. As we will see below, the splitting ap-
proach leads to numerically efficient versions of the Lie-Trotter and other product formulas
for nonlinear ODEs.

To see this, let (s,z) € Q; C [0,00) x R be such that
' (t) = F(t,z(t)),z(s) = x (3.3.2)

has a unique, continuously differentiable solution ¢ — x(t) for which t — z(t + s) =
v(s + t,s,x) exists for 0 < t < m(s,z). Let Z(t) := x(s + t). Then it is clear that solving

(3.3.2) is equivalent to solving
Pt)=F(s+ta(s+1t)) = F(s+t,i(t), #0)=uz. (3.3.3)
The associated pointwise linear Koopman-Lie flow semigroup is given by
T(t)g(s,z) = e™g(s,x) = g(s +t,y(t + s,5,7)) (3.3.4)
for 0 <t < m(s,x) with formal generator

Kg(s,x) = gs(s,2) + (s, 8,2)g.(s, x)
= gs(s,z) + F(s,2)g.(s, 1) (3.3.5)
= Ki1g9(s,x) + Kag(s, z).
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Now, we will approximate the solution of (3.3.3) by using the Lie-Trotter product formula.

The procedure is as follows:

T(t)g(s,z) =g(s+t,y(t+s,s,2))

tiKC

= Kg(s, ) = K+

g9(s, )
(3.3.6)

= lim (e-F1en®2)"
n—o0

9(s, @)
= Tim (TL()To(H))g(s, ),

where we assume that the operators IC, K1, and Iy generate strongly continuous con-

traction semigroups T'(t), T1(t), and Ty(t) on an appropriate Koopman-Lie Banach space

M C F(Qp, Z) such that

T1<t)g<8,l') = 6tl€lg(s7x) = g(S + t7x)

(3.3.7)
Ty(t)g(s,x) = e®2g(s,x) = g(s, 0,(t, ),
and r — o4(r, z) solves the autonomous, separable frozen-time problem
2'(r) = F(s,z(r)), z(0)==. (3.3.8)

Now, we will compute

(TCITA=))"g(5,2) = g5+ 1, 200)

Step 1:

T (=)Ta(=)g(s, z) = Th(

t t
n n

Jo(s,0,(5,2))

=T

Sl 3|

t
)g(S, xl,n) = g<8 + ﬁ; xl,n)y

where z1, = O'S(%, x) and r — o4(r, xo,,) solves



Step 2:

(VTP g(5,2) = TUCITal gl + 1)
t t 2t

t
=Nl . - n)) = “—H42n)
1(n)g(8+n7as+%<naxl, )) g(S+ n T, )
where 29, = 0, ¢ (£, 21,) and r — o, ¢ (r,21,) solves 2'(r) = F(s+ £, z(r)), z(0) = x1,.

This implies the following algorithm. For 0 < k < n define xy, by

1’07,1 =,
t
Tin = 0-5(_ax0n)7
t
IQ,n = as+%(ﬁ,x1,n), (339)

Tnn = 08+ (njll)t (57 xnfl,n)a

where r — O, (k-1 (r,xk_1,) solves

+
k—1)t
P ()= Fls+ Eo D 00), 2(0) = i
Step n: After n steps, this yields
too b
(Ti()T())"9(s,2) = g(s +t Tun)-

Then, under “suitable” conditions on the function F'(¢,z), g and M

. t ti\n L -
Jim (T3 ()T2())"9(s, ) = lim g(s + 1, 2nn) = g(s +1,7(t + 5, 5,2)).
Thus, we suggest that

lim z,, =v(s+1,s, ),
n—oo

o1



Algorithm 3.1. Lie-Trotter product of nonlinear one-dimensional ODEs of the form
(3.3.2)

Require: o,(r,x), T: time interval, n: number of iterations
1: procedure (z),, := NL,

2 for t + T do

3 T < X

4: L,+«x

5: for : <+ n do

6 LI(—US_F@(%?LI)
7 NL, <+ L,

8 end for

9: return z,,, = NL,

10: end for

solves the non-autonomous problem (3.3.2). The “formal” order of convergence is % (see

also Section 3.4 and the numerical examples below).
Based on Theorem 3.4.1, we can use other linear operator splitting methods that
lead to nonlinear approximations that converge faster. One example is the Strang Product

Formula given by

T<t)g(57 l’) = g(s +1, V(t + 5, S,Jj))

tiKC

= (s, 2) = R

9(s, )
(3.3.10)
= lim (e%
n—oo

Krenkaen)ry(s, 2)

: t t t
= lim (Th( ) T2 (-)Th(5 )" 9 (s, )
The algorithm for the nonlinear Strang Product Formula for (3.3.2) is as follows. For s >

Oand 0 < r < m(s,x), let 1 — o4(r, x) solve the autonomous, separable frozen-time

problem

2'(r) = F(s,z(r)), z(0)=ux. (3.3.11)

Now, we will compute (T1(5)To(£)T1(5))"g(s, x).
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Step 1:

t t t t t t
Ty (VT ()T (- — Ty (T (L °
(T (s, 0) = TG )T Dts + )
t t t
— T (— -~ (L
1(2n)g(s+2nao—s+ﬁ<nax>>
t t t
_g<3+ﬁ7gs+ﬁ(ﬁ7l‘))_g(‘s—‘_ﬁaxl,n)a
where 1, = JSJF%(%,:E) and r — 05+2L(7“, Top) solves 2'(r) = F(s + 5, x(r)), z(0) =
Ton = T.
Step 2:
(T )T )T ()P0 (5,2) = Taloo o) Ts (5ol + 1)
—)To(—)T1(— s,x) =Ty (—)To(=)T1(=—)g(s Tin
15 20 )41G g\s, 12n2n12ng » L1
t t 3t
— Ty (=—)Ts(~ 2,
T Sgs + o )
t 3t t
:Tl(%)g(8+2_7as+3t( 7$1n))
2t t 2t

2 (r)=F(s+ ;—Z,x(r)), 2(0) = z1.

This implies the following algorithm. For 0 < k < n define zj, by

Ton ‘= T,

(3.3.12)

T =0, (2n—1)t (i i )
nmn - s+ s n> n—1n),

where 1 — o k1 (ryx_1,) solves
2n

(2k — 1)t

2(r)=F(s+ 5

,ZE(T)), CL’(O) = Tk—1,n-
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Step n: After n steps, this yields

(BT (s, ) = gls + ).

T,
( 1<2n n 2n

Algorithm 3.2. Strang product of nonlinear one-dimensional ODEs of the form (3.3.2)

Require: o,(r,x), T: time interval, n: number of iterations
1: procedure (z,, = NS;)
2 for t +— T do
3 Sx — Zp
4 for : < n do
ot Sm<—ds+w(%,sz)
) 5
7
8
9

end for
return z,, = NS,
end for

Then, under “suitable” conditions on F', g and M,

lim z,, =v(s+t,s, ),
n—oo

solves the non-autonomous problem (3.3.2). The “formal” order of convergence is nl—2 (see

also Section 3.4 and the numerical examples below).

Now, we will consider a two-dimensional system of nonlinear ODEs of the form

(3.3.13)

where F, G are smooth functions from R? — R. We assume that for (z,y) € Q C R?
there is a unique solution o(t, z,y) := (z(t),y(t)) € Q C R? for small values of ¢; that is,
0<t<m(z,vy).

The associated pointwise linear semigroup flow is given by

T(t)g(z,y) = e™g(z,y) = g(a(t, z,y)) (3.3.14)

o4



for 0 <t < m(z,y) with formal Koopman-Lie generator

Kg(x,y) = go(z,y) F(2,y) + 94(x,y)G (2, y)

(3.3.15)
= Kig(z,y) + Kag(z, y).
The solution of (3.3.13) can be approximated by the Lie-Trotter product formula
T(t)g(x,y) = g(o(t,z,y)) = ¢ g(z,y)
— €t(K1+K2)g(5E, y) — lim (6%’&6%/@)719(8’ :E) (3.3.16)
n—oo
i (T tT(t)>n oy ( )= i
= lim (T1(=)T2(-))"g(2, y) = im g(zn,yn) = lm g(2nn),

where the operators Ky, and Ky generate semigroups on an appropriate Koopman-Lie Ba-

nach space M C F(Q, Z), and where

Ti(t)g(z,y) = ™ g(a,y) = g(oy(t,z),y)

(3.3.17)
T(t)g(x,y) = " 2g(z.y) = g(x, 0u(t,y)),
where ¢t — 0, (¢, z) solves the separable equation
2(t) = F(z(t),y), z(0) = x (3.3.18)
and t — 0,(t,y) solves the separable equation
y'(t) = G(z,y(t), y(0) = y. (3.3.19)
Now, we will derive an explicit formula of x,,, := (z,,y,). By using equations (3.3.17),

(3.3.18), (3.3.19), and the Lie-Trotter product formula (3.3.16) we deduce the procedure as
follows.
Step 1: Let (xg,40) := (z,y) be the initial state, then

TCIT o, 10) = T Dol 00, )

t
n

Sl 3|+

= Tl( )g(xo,yl) = g(Uyl(%,xo);yl) - g(x17y1)7
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where 0., (,y0) = 41, 0y, (£, 0) = @1, r — 0y, (7, 2o) solves the separable equation
2'(t) = F(x(t),y0), 2(0) = xg
and r — 04, (7, 1/0) solves the separable equation y (t) = G(z0, y(t)), y(0) = vo.
Step 2+ (Ty(-)To(-)) g0, ) =T2()To()glra, )
: )Ty (~ T =Ty (—)T5(—)g(x
p 1n2n907yo 1n2ng 1L, Y1
= T() ") = Tl
= i Lgleron () = B Liglerm)

t
= 9(0y2(57 r1),y2) = 9(22,2),

where 0y, (£, y1) = vo, 0y, (£, 21) = @2, 7 — 0, (r, 1) solves the separable equation
2'(t) = F(x(t),50), 2(0) = 21
and r — o,, (r,y2) solves the separable equation

y'(t) = Gz, y(t)),y(0) = g
This yields the following algorithm. For 0 < k < n, define xy,, = (zx,y,) by

Ton = (370’ y0>7

t t
Tin = (0y1(ﬁax0)70-xo(ﬁ7y0)) = ($17y1)7

t t
l’27n = (0-312(5"1‘1)70-Z‘1(E7y1)) = (1‘2792)7 (332())

t t
xn,n = (O-yn(ﬁaxn—l)aaxnfl(ﬁyyn—ﬁ) = (SCn,yn)?

where r — o, (1, xx—1) solves

and r — o, (7, y) solves



Step n: After n steps, this yields

t t
n n

(T (=)T2(=))"g(z,y) = 9(Tn, Yn)-

This implies the following algorithm.

Algorithm 3.3. Lie-Trotter product of nonlinear two-dimensional ODEs of the form
(3.3.13)

Require: o,(t,y), o,(z,t), T: time interval, n: number of iterations
1: procedure (z,,y,) == (NL,, NL,)
2 for t + T do

3 L, + )

4: Ly <— Yo

5: for i < n do
6

7

8

9

Lx < ULy(ile‘)
Ly — ULI(%’ Ly)
NL, <+ L,
: NL, <+ L,
10: end for
11: return (z,,y,) := (NL,, NL,)
12: end for

If we assume some suitable conditions on the functions F', G, g and M, then

T (T3 ()T5()) g, ) = Tin g, yn) = g(o(t,2,9)) = g((x(2), y(1))

and

lim z,, = lim (2,,y,) = (z(t),y(t)) == o(t, z,y).

n—oo n—oo

Similarly, we can derive the following algorithm for the Strang product formula.

3.4. Higher-order Exponential Splitting Schemes
In [17] and [18], E. Hansen and A. Ostermann consider exponential splitting

schemes

Vy(t) = [ J e e, (3.4.1)

=1
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Algorithm 3.4. Strang product of nonlinear two-dimensional ODEs of the form (3.3.13)

Require: 0,(t,y), oy(x,t), T time interval, n: number of iterations
1. procedure (z,,y,) := (NS, NS,)
2 for t +— T do

3 Sx «— Zp

4 Sy — Yo

5: for i < n do
6:
7

8

9

10: NS, « S,

11: end for

12: return (z,,y,) := (NS;, NSy)
13: end for

where the real or complex coefficients «;’s and f;’s are chosen in such a way that the
method is algebraically of order p, meaning that whenever the operators KC, K; are re-

placed by finite matrices M, M;, we have
IV (#) — M|l = O*).

For such s-stage schemes, they provide a general error-estimate framework for the approxi-

mations of solutions of linear problems of the form
' (t) = Ka(t) = (K1 + Ko)z(t), z(0) ==z (3.4.2)

where K1, K1, and K = K+, are generators of strongly continuous contraction semi-
groups (or analytic contraction semigroups if the coefficients a;’s and f;’s are complex).
Their analysis is based on the consideration of the operators E,;; that can be obtained as
the product of exactly p + 1 factors chosen among C; or Cs.

Theorem 3.4.1. [17], [18]. Let Ky, Ko, and K = Ki+Ky be generators of strongly
continuous contraction semigroups on a Banach space X (or analytic contraction semi-
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groups if the coefficients a;’s and 3;’s are complex). Assume that there exists a subspace
U C D(KPY) such that all E,e™ - U — X are well defined and all E,, e™u are uni-
formly bounded in t € [0,T) for any w € U. Then, for allu € U and T > 0, there exists a
constant M, r such that

l n tiC tp+1
||V;9(ﬁ) u— e ul| < Mu,Tm; 0<t<T. (3.4.3)

Outline of proof: The proof is based on estimate of the form (3.2.2); i.e

t tK

HVp( Jle — (e xH—HZV )", (5)—6")6]71“

o t (3.4.4)
tic - tIC
< D IVa(=) —em)el waf|
: n
7=0
and a sophisticated and elaborate estimate of the term [|(V,(£) — e el z|. O

Remark 3.4.2. Since the proof of Theorem 3.4.1 given in [17] is of an algebraic nature, it
can be extended to bi-continuous contraction semigroups without changing any of argu-
ments.

For more details on higher-order splitting methods and consistency bounds, see
[19], [29], and [48].
Remark 3.4.3. It is a well-known fact, that splitting schemes of the form (3.4.1) with real
coefficients 7;; must include at least one negative coefficient v;; whenever the algebraic or-
der p is larger than 2. Consequently, such higher-order schemes can only be applied if the
operator K; generates a group rather than a semigroup or if complex coefficients ~;,; are
allowed. The latter approach was adopted in [18], where E. Hansen and A. Ostermann ex-
tended Theorem 3.4.1 to support splitting methods of algebraic order p > 3 with complex
coefficients v;;, € ¥, = {# € C : |arg(z)] < a}forl < j <mand1l < i < N and
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assuming that the operators IC, K; (1 < i < N) generate analytic contraction semigroups
on X,. This allowed the use of algebraically higher-order schemes for analytic semigroups;
for details, see [18] and [3].

To obtain a 3-stage splitting of the form (3.4.1), consider
K =aiky+ 5iKs + a2y + BoKo + sy + 3K

with oy + as + a3 =1, 51 + B2 + B3 = 1 for which the associated product formula

V(t) —_ ealt’Cleﬁlt]CQ eagtKleﬁQt]CQ eagt}C1 eﬁgthQ

is algebraically of order p = 3.

The coefficients «; and ; are chosen such that the first 4 terms of the Taylor
expansions of e!®1+X2) and V (¢) coincide to obtain classical order 3 (see the Hansen-
Ostermann Theorem 3.4.1). As shown in [4], for all s-stage splitting schemes with classical
order p > 3 for which all coefficients «;, 5; are real numbers, at least one of them must be
negative. Since, in general, not all semigroups e’* and e”* are well-defined for negative
times ¢, such schemes would not work for higher-order approximations unless the corre-
sponding semigroup(s) are (local) groups. By comparing the coefficients «;, §;, one can
derive the following proposition.

Proposition 3.4.4. Let a = % + %g and
Va(t) = e*2K20tK g5/ g0tk a5 K. (3.4.5)

Then the formula of the complex product V3(t) is algebraically of order p = 3.
Remark 3.4.5. Deriving higher-order methods by comparing coefficients becomes increas-
ingly challenging as the number of coefficients grows rapidly. To overcome these algebraic
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complexities, the following statements explore how higher-order splitting schemes can be

constructed by composing lower-order schemes.

These statements give higher-order product formulas for splittings K = K1+ K5 and

K =Ki+ Ky + -+ Ky that were obtained via composition methods by F. Castella, P.

Chartier, S. Descombes, G. Vilmart as well as E. Hansen and A. Ostermann in 2009 (see

[18] and [44]). We follow the exposition given in [18]. Examples of composition methods

that can be found in these articles are as follows, where

Va(t) = e2F2eKie3R2 .= §(0,1) = S,

denotes the Strang product.

(1)

For1 < k < 4,V,(t) = S(k,t) := S(k — 1,a4t)S(k — 1, oyt) with the complex

sin(r/(k+2)) 7. Then the splitting schemes V,(t) are of order

coefficients ay, := 5 + 52 cos(r /(D)

p = k + 2 and have 2¥*! + 1 exponential terms. Moreover, if k¥ = 1, then we get a

splitting method of order 3
‘/E’)(t) = S(la t) = S(O7 dt)S<Oa at)'

where, the coefficients a = 0.5—0.288675i. Therefore, Vi(t) = €2 K1 e2K22K10K2 05 K1

For 1 < k < 3 define V,(t) = S(k,t) :== S(k — 1, apt)S(k — 1,1 — 204t)S(k — 1, ayt)

ewi/(2k+1)

with, oy = Then the splitting schemes V,,(t) are of order p =

91/(2k41) 4™t/ (2k+1) *

2k + 2 and have 2(3¥) + 1 exponential terms.
For 1 < k < 6, ‘/p(t) = S(k,t) = S(k - 1, Ckkt)S(/{? — 1, @]J)S(k - 1, O?]J)S(]{] — 1, Oé]J)

with ay = }l 4§ Sn(r/@k41)) ik Then the splitting schemes V),(t) are of order p =

4+4 cos(mw/(2k+1

2k + 2 and have 2(4%) 4+ 1 exponential terms.
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3.5. Numerical Experiments

In this section, we present numerical examples to validate the product splitting for-
mulas by approximating solutions to the Van der Pol equation, the two-dimensional and
three-dimensional Lotka-Volterra systems, and a non-autonomous equation exhibiting fi-
nite blow-up.

Example 3.5.1. Consider the initial value problem

1

lo_tx(t), z(s) =€ Q:=R, (0<s<t<10). (3.5.1)

2 (t) =

The unique solution is given by

10 — s
*) =10

x (3.5.2)

with the stopping time m(s,z) = 10 — s.

Let r — o,(r,z) be the solution of 2'(r) = 7—x(r), (0) = z. So,

os(r,x) =z(r) = ez,

Applying the Lie-Trotter algorithm (3.3.9), yields

Ton = T,

t 1t 1t
I‘Ln = O'S(E’ xo,n) —= ¢ 10—s nl’o7n = ¢ 10—s n:L"

t Lt 1 L
_ _ ,10—(s+L)n — L10—(s+L) ™ o195
Ton = O-s—i-i(_? xl,n) —e (s+3) Tip =¢€ (s+3) ™ pT0—s n, (353)

n

+ —l i n—l 1
n—1)t\ n T

:L‘n7n = O’S+(n,1)t (E’J,‘n_Ln) = 6107(84" 7o) :L‘n_Ln = | I 6107<S+%) nz

n

i=1
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The algorithm for Strang product formula (3.3.12) yields

Ton ‘= T,
t

Tin = Oyt (o Zon)
t

Lop = Us+§%<ﬁvx1,n)

1

1
e0-(ta) "y

1

1

t t
e 10—(s+3L) n e10—(s+5h) ™

z,

Strang Product
Neri Product

Strang Product

Neri Product

t n -1t
2i—1)t\ n
— — 10— @i-1)t
Tpn = US+(2n—1)t(_7xn_1’n> = | | e+ m—) Ty
2n n "
=1
Approximation (n=1) Approximation (n=3)
J' 10
~ NDSolve i - NDSolve
Lie Product i/ Lie Product

2 4 ] 2
1
Approximation (n=5)

Approximation (n=10)

— NDSolve

Lie Product
Strang Product

- Neri Product

- NDSolve
Lie Product
Strang Product
- Neri Product

(3.5.4)

Figure 3.1. Plot of (3.5.1) and of the approximations x,, for Lie-Trotter and Strang with
n =1, 3,5 and 10.

The tables show the absolute error of the Lie-Trotter approximation (Ep;.) and

Strang product (Esirang) with n =1, 3, 5 and 10.
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Table 3.1. Absolute error of Lie-Trotter product (EL;.).

t n=1 n=3 n=2>u n =10
1.0 0.0059 0.0020 0.0012 0.0006
2.0 0.0286 0.0101 0.0061 0.0031
3.0 0.0787 0.0291 0.0178 0.0090
4.0 0.1748 0.0683 0.0423 0.0217
5.0 0.3513 0.1473 0.0928 0.0482
6.0 0.6779 0.3112 0.2009 0.1062
7.0 1.3196 0.6817 0.4562 0.2488
8.0 2.7745 1.6741 1.1889 0.6853
9.0 7.5404 5.6133 4.4438 2.8992

Table 3.2. Absolute error of Strang product (Esirang)-
t n=1 n=3 n== n =10
1.0 0.000108194 0.0000120851 | 4.36732x107°% | 1.11008x10~
2.0 0.00115114 0.000129952 | 0.0000468494 | 0.0000117255
3.0 0.00532392 0.000616061 0.000222506 0.0000556469
4.0 0.0179452 0.00216812 0.000786471 0.000197153
5.0 0.0522659 0.00677339 0.00247696 0.000623447
6.0 0.143582 0.0207988 0.00772582 0.00195936
7.0 0.397701 0.0687725 0.0263858 0.00680487
8.0 1.20633 0.278452 0.114992 0.0310401
9.0 4.86355 1.84692 0.925169 0.294043
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Now, we investigate the constant M, . p for each of the Lie-Trotter, Strang product

| 12
formulas. To do so, we need to compute ELiezt'—Q" and Egtmng?"t—’;.

Table 3.3. The values of Ep;.22.

+2

t n = n=3 n=>5 n =10
1.0 0.0119 0.0122 0.01225 0.0123
2.0 0.0143 0.0152 0.01535 0.0155
3.0 0.0175 0.0194 0.0198 0.0201
4.0 0.0219 0.0256 0.0265 0.0271
5.0 0.0281 0.0353 0.0371 0.0385
6.0 0.0377 0.0519 0.0558 0.059

7.0 0.0539 0.0835 0.09310102041| 0.1015
8.0 0.0867 0.1569 0.1858 0.2141
9.0 0.1862 0.4158 0.5486 0.7158

Table 3.4. The values of E’Stmng?’;t—f.

t n=1 n=23 n=>5 n =10
1.0 0.0006 0.00065 0.00066 0.00066
2.0 0.00086 0.00088 0.000878 0.000879
3.0 0.00118 0.0012 0.00124 0.00124
4.0 0.0017 0.0018 0.0018 0.00185
5.0 0.00251 0.00293 0.00297 0.00299
6.0 0.00399 0.0052 0.0054 0.0054
7.0 0.00695 0.01083 0.01154 0.0119
8.0 0.01414 0.0294 0.03369 0.0364
9.0 0.04003 0.13681 0.19036 0.242

2
Based on the tables above and since M, 1, > ELie(i!#, and My 1, > Egtmng(?’!%

for all ¢t € [0,8]. Then candidates for the constants M, 1, are 1 and 0.1.
Example 3.5.2. The Lotka-Volterra model, also known as the predator-prey model,

consists of a system of differential equations that describe the dynamics of two interacting
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species: a predator and its prey. The model is given by

2 (t) = ax(t) — Bx(t)y(t) = Fi(z(t),y(t)) with Fi(x,y) = ax — Sxy, and
(3.5.5)

y'(t) = sz ()y(t) — yy(t) = Fa(x(t), y(t)) with Fy(z,y) = dzy — vy,
where x(t),y(t) represent the prey and predator populations, respectively and (z(0),y(0)) =
(x,y) € Q = Ri. The parameters a, 3,9,y denote the prey’s growth rate, the predation

rate, the predator’s growth rate, and the predator’s natural death rate, respectively.

Lotka-Volterra Model Phase Plot for Different Parameters (Attractor Behavior)

— a=0.1, B=0.01, 6=0.01, y=0.1
0=0.1, =0.015, 6=0.01, y=0.1
— a=0.1, B=0.02, 6=0.01, y=0.1

0 10 20 30 40
Prey Population

Figure 3.2. Lotka-Volterra model

If ' (t) := (2/(t),y'(t)) = (Fi(u(t)), Fa(u(t))), u(0) = (z,y) := u, has unique, global, jointly

continuous solutions o(t,u) € €2 then

T(t)g(x,y) = T(t)g(u) := g(o(t,u)) = e®g(u) = ' ® ) g(u)

is bi-continuous on C(£2), where the associated Koopman-Lie flow semigroup operator is
given by
Ky(z,y) = Fi(z,y)g.(x,y) + F2(2,y)gy (2, y)
= (az — fry)ga(2,y) + (52y — 1Y), (2, y) (3.5.6)
= Kig(z,y) + Kag(z,y),
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and the Koopman-Lie semigroups generated by Ky and Ky are given by

6t’€1

9(z,y) = gloy(t, ), y) = g(ze @ y) (3.5.7)

and
tKo - o t(dz—7)
e™2g(z,y) = g(x,0.(t,y)) = g(z,ye ) (3.5.8)

where, 0,(t, x) solves the frozen problem 2'(t) = Fy(z(t),y),z(0) = z, and o,(t,y) solves

the frozen problem v/(t) = Fy(x,y(t)),y(0) = y. Thus,

glotta)) = T0g(a) = i (V(D)) g(o) = lim glon(t.0)

n—oo n—oo

By Proposition 3.2.3, o(t, x) = lim,,_, ©,(t, ). This is equivalent to solving

(@'(t),y' (1)) = (Fu(x(t), y(1)), Fa(z(t), y(1))), (x(0),y(0)) = (z,y)
via separation of variables after splitting into first-order sub-problems.

The Lie-Trotter product formula 3.2.10 can be computed using the following algorithm

with starting values z¢ := x, yo := y. Then, for 0 < k < n — 1, we use the iterative process

t
Try1 = O-yk(ﬁ7xk)7

t
Ypt1 = %W(ﬁ, Yk)-

Then, x, = x,(t) = x(t) y, = ya(t) = y(t) with approximation order C’%

Also, the Strang product formula 3.2.11 can be computed using the following algorithm

with starting values z¢ := x, yo := y. Then, for 0 < k < n — 1, we use the iterative process

t

:UkJr% = O—yk(%"%.k)?
t

Yk+1 = ’yxk+%(ﬁvyk)v
t

Trt1 = Oy yy (%’ "L‘k-i-%)
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Then, z, = 2,(t) ~ z(t) Yy, = ya(t) = y(t) with approximation order C % In the following
numerical experiments, we consider a = 0.5, § = 0.02, 6 = 0.01, and v = 0.1 with the
initial condition (z(0),y(0)) = (100, 10). The following results compare the Lie-Trotter
product and Strang splitting with the solutions (z(t),y(t)) obtained via the Runge-Kutta

method (RK45).

Table 3.5. Lie-Trotter Product of Lotka-Volterra model, n = 10000.

to| () y(®) z(t) y(t)

1 || 117.160670620 | 27.604837164 | 117.143820465| 27.600467195
2 || 75.643384472 | 69.143994558 | 75.615237258 | 69.129778453
3 || 21.942726609 | 98.691442365 | 21.934236637 | 98.679538925
4 || 4.825482261 100.000531711 | 4.824448573 99.993309504
5 || 1.151414702 92.805048116 | 1.151392438 92.799722713
6 || 0.322330576 84.514382737 | 0.322382332 84.5099123

7 | 0.106184183 76.618782889 | 0.10621877 76.614846323
8 ]| 0.040702636 69.374318295 | 0.040721713 69.37079497
9 | 0.017915321 62.78971665 0.0179260502 | 62.786544021
10 || 0.008939381 56.821746577 | 0.008945989 06.818882625

Table 3.6. Absolute error of Lie-Trotter of Lotka-Volterra model, n = 10000.

E,x(t)

E,y(t)

© 00 N O Ot = W N =] T

—_
e}

0.004369969
0.028147214
0.008489972
0.001033688
2.2264E-05
5.1756E-05
3.4587E-05
1.9077E-05
1.07292E-05
6.608E-06

0.004369969
0.014216105
0.01190344

0.007222207
0.005325403
0.004470437
0.003936566
0.003523325
0.003172629
0.002863952
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Table 3.7. Strang Product of Lotka-Volterra model, n = 10000.

t] =) y() (1) y(t)

1 || 117.143751536| 27.600501854 | 117.143820465 27.600467195
2 || 75.615382104 | 69.129762398 | 75.615237258 | 69.129778453
3 || 21.934292173 | 98.679585668 | 21.934236637 | 98.679538925
4 || 4.8244526642 | 99.993382872 | 4.824448573 | 99.993309504
5 || 1.151391314 | 92.79979168 | 1.151392438 | 92.799722713
6 | 0.322381629 | 84.50997424 | 0.322382332 | 84.5099123

7 || 0.10621816 76.614902263 | 0.10621877 76.614846323
8 ]| 0.040721599 | 69.370845206 | 0.040721713 | 69.37079497
9 ] 0.017926029 | 62.786589394 | 0.0179260502 | 62.786544021
10 || 0.00894579 56.818923838 | 0.008945989 | 56.818882625

t || Ea(t) Eyy(t)

1 || 3.4659E-05 | 3.4659E-05
2 || 0.000144846 | 1.6055E-05
3 | 5.5536E-05 | 4.6743E-05
4 || 4.0912E-06 | 7.3368E-05
5 || 1.124E-06 | 6.8967E-05
6 | 7.03E-07 | 6.194E-05
7 | 6.1E-07 5.594E-05
8 | 1.14E-07 | 5.0236E-05
9 | 2.12E-08 | 4.5373E-05
10 || 1.99E-07 | 4.1213E-05
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Example 3.5.3. In Section 3.3, we already two-dimensional systems of nonlinear ODEs of
the form (3.3.13) and the associated Koopman-Lie flow semigroups (see, 3.3.15), (3.3.17),
and (3.3.18). This framework can be readily applied to generalized Van der Pol equation

of the form

"

2" () — az ()2’ (t) — bz(t)) = 0 (3.5.9)

with initial values (z(0),2'(0)) = (z,y) € Q = R? and where a(-) and b(-) are sufficiently
smooth real-valued functions such that the following first order problem has unique,
global, jointly continuous solutions for all x1, x5 € Q := R2,

First, we rewrite (3.5.9) as a first order system

(1) = y(1),
(3.5.10)
y' (1) = a(xz(t))2'(t) + b(x(t))
and solve
2'(t) = F(z(t),y(t)) with F(x,y) =y, and
(3.5.11)

y'(t) = G(x(t),y(t)) with G(z,y) = a(z)y + b(z).
Let o(t,x) := (x(t),y(t)) be the global, jointly continuous flow defined by the unique so-
lution x(-) and y(-) of the above system. The associated Koopman-Lie flow semigroup op-
erator T'(t)g(z) := g(o(t,)) is bi-continuous on Cy(R?) with generator K, which is given
by:
Kg(x,y) = F(z,y)9:(x,y) + G(x,y)gy(2, y)
= y92(, ) + (a(w)y + ()9, (z, ) (35.12)

= Kig(z,y) + Kaglx, y),
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and the Koopman-Lie semigroups generated by Ky and Ky are given by

e™g(x,y) = gty + z,y)

and

g(x’ w + yea(l')t> ifa/(x) # O

a(z)
F2g(z,y) =

e

g(x,b(z)t + y) ifa(x) = 0.

(3.5.13)

(3.5.14)

If a(z(t)) = 1 — 2%(t) and b(z(t)) = —x(t), then (3.5.9) becomes the classical Van der Pol

equation

"

v (t) = (1= 2*(t)2'(t) +2(t) =0,

(3.5.15)

for the initial values (x(0),2’(0)) = (0,1). Applying the splitting methods described in

Section 3.3, yields

oy(t,x) =ty +=x

as well as
.2
W _|_ ye(l_z2)t 1 —_ x2 # 0
o.(t,y) =
—at+y 1—22=0

Now, we investigate the approximation on the time interval [0,2.5] and n > 1.
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Table 3.9. Absolute error of Lie-Trotter product (Ep;.).

t n =2 n=3 n=>= n =10
0.25 0.016343 0.011142 0.006809 0.003454
0.5 0.064243 0.044899 0.028023 0.014463
0.75 0.127475 0.091454 0.058273 0.030532
1.0 0.174688 0.129131 0.083553 0.044084
1.25 0.194779 0.148395 0.096594 0.051689
1.5 0.21287 0.155385 0.097941 0.051993
1.75 0.268507 0.158893 0.094213 0.048427
2.0 0.3712 0.160081 0.090271 0.04429
2.25 0.482078 0.16204 0.087201 0.04027
2.5 0.528574 0.177817 0.084583 0.035773
Table 3.10. Absolute error of Strang product (Egirang)-
t n=2 n=3 n=>5 n =10
0.25 0.000069 0.000035 0.000016 0.000008
0.5 0.001526 0.000753 0.000315 0.000123
0.75 0.009833 0.004469 0.001654 0.000459
1.0 0.033582 0.013521 0.004627 0.00101
1.25 0.065834 0.027059 0.010973 0.004195
1.5 0.052395 0.039886 0.017389 0.007453
1.75 0.051609 0.062623 0.023786 0.010148
2.0 0.214013 0.099904 0.031798 0.013071
2.25 0.357868 0.121313 0.041921 0.016384
2.5 0.416515 0.074116 0.055516 0.02024
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Example 3.5.4. Consider the Lotka-Volterra model in three dimensions:

2'(t) = 2(t)(1 — y(1)),
y(t) =y (=(t) — 2(t), (3.5.16)
(1) = 2(t)(y(t) — 1),
where (2(0), y(0), 2(0)) = (2,y,2) € Q := R3 and rewrite the system 3.5.16 as
2'(t) = Fi(x(t), y(t), 2(t)) with Fy(z,y, 2) = =(1 — y),
y'(t) = Fy(z(t),y(t), 2(t)) with Fy(z,y,2) = y(z — 2), and (3.5.17)
(1) = Fs(x(t),y(t), (1)) with Fs(z,y,2) = z(y — 1).
Since u'(t) := (2'(t), y'(t), #'(t)) = (Fi(u(®)), Fa(u(t)), F3(u(t))), u(0) = (z,y,2) = u, has
unique, global, jointly continuous solutions o (£, u) € €, it follows that

T(t)g(x,y,z) = T(t)g(u) == g(o(t,u)) = e g(u) = TR g(y)

is bi-continuous on C(£2), where the associated Koopman-Lie flow semigroup operator is
given by
Ky(z,y, 2) = Fi(z,y,2)92(2,y, 2) + Fa(w,y,2)9y(2,y, 2) + F3(x, 9, 2)g:(2,y, 2)
= 2(1 = )gs(x,y,2) + y(z — 2)gy (2.9, 2) + 2(y — g (2., 2) (35.18)
= Kig(,y, 2) + Kag(z,y, 2) + Ksg(z, y, 2),

and the Koopman-Lie semigroups generated by K1, Ko, and K3 are given by

)y, 2)

Ty(t)g(z,y,2) = € g(x,y,2) = g(0y.:(2,y, 2)) = g(e
Tg(t)g(l" Y, Z) = et’CQ.g(ma Y, Z) = g(a—x,z(xv Y, Z)) = g(:m ye(w_Z)ta Z)

Ty(0)g(e,9,2) = o g(2,, 2) = 900y (2,9, 2)) = (2., 20
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where o, .(t, x) solves the frozen problem z'(t) = Fi(x(t),y, 2),2(0) = =, 0,.(t,y, 2) solves
the frozen problem y/(t) = Fy(z,y(t), 2),y(0) = vy, and o, .(t,y, 2) solves the frozen prob-

lem 2/(t) = Fy(x,y,2(t)), 2(0) = z. Thus,

olott,) = T(g(e) = i (VD)) afe) = i gt (1.2

n—oo n—oo

where V() be chosen from the list 3.2. By Proposition 3.2.3, o(t, z) = lim,, x,(t, ).

The Lie-Trotter product formula (3.2.12), can be computed as

Tl (t)T2 (t)T5<t)g($a Y, Z) = Tl (t)TQ(t)g(xv Y, Zl,t) == Tl (t)g(xa yl,ta Zl,t) = g(xl,ta yl,ta Zl,t)7

where 2, = 2!V g, = ye!@)  and 2y, = 2e!07¥). Then

Tl(t)T2(t)T3(t)g(a:, Y, Z) = T1(t)T2(t)g($, Y, Zl,t) =T (t)9($7 Ytt, Z1,t) = 9(1’1,“ Y.t Zl,t)y

where 2y = 2! gy = yyet@am20  and @y, = xy,e!7¥20. Thus, by

induction,

(T ()T (t)T5(t))"g(z,y, 2) = Th () To(t)T5(t) g(Xn—14, Yn—1,ts Zn—1,t) = 9(Tnt, Ynits Znt),
where 2,y =zt g =y el and @y = @ ef (Y,
Therefore, by replacing t by ¢/n we obtain

t t t
n n n n n n

(Tl( )Tz( )T3< ))"g(m,y,z):g(a:n,i,yn,i,zni)

where (2, ¢,9, ¢, 2, ¢ ) approximates the solution (z(t), y(t), 2(t)).
The Lie-Trotter product formula can be computed using the following algorithm with

starting values xg := x, yo := y. Then, for 0 < k < n — 1, we use the iterative process
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t
Zk+1 = O—yk,xk<ﬁa Zk)7

t
Yk+1 = Ok, Zk-i—l(ﬁ» yk),
t

Th+1 = Oypiq,2p11 (E’ xk)

Then z,, = z,(t) =~ z(t) and y,, = y,(t) =~ y(t) with approximation order C’%.
In order to use the Strang product formula (3.2.13), we need to compute

Ty(t/2)Ta(t/2)T1 () To(t/2)T5(t/2)g(, y, 2)
= T3(t/2) Tt/ 2Ty ()T (t/2)g (v, y, 250
= T(t/2)Ta(t /2T (g (. ye* 0 2, 1)

= Ty(t/2)Ta(t/2)g (0" 78 gy 1,24 1)

L(@1,—2 1)

_ ) 1,5 —
- T3(t/2)g<x1,tvy1,%e 2 721,15/2) - g(xl,tay27%7227%)7
ty— Sla—z t) t(1-y; t) t@i—z, 1)
where ALt = ze2l 1)7 Y10 = ye® b2l e = we bz » Yot = 91%62 © o2 and
%(y2 - 1) . .
Zy 1 = 2e . By induction,

(Ts(t/2)To(t/2) Ty () T2(t/2)T5(t/2))" g (2, Y, 2) = 9(Tnts Y, s Zn,t)-

Therefore, by replacing t by t/n we obtain

2t

5 Ty (- )Tz(n)T3(2n)) 9(@,y,2) = g(Tp 1 Y1, 2, 1)

(T3( )T2(

2n
where (:L‘m%,yn’%,zn%) approximates the solution (z(t),y(t), z(t)) of (3.5.16). In the
following numerical experiments, we consider the initial condition (z(0),y(0),2(0)) =
(10, 5,2). The results compare the solutions obtained via the Lie-Trotter product and
Strang splitting with the approximations (z(t),y(t),z(t)) obtained with the Runge-Kutta
method (RK45).
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Figure 3.5. Lie-Trotter with n = 50, 100, 1000 and 100000.
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Table 3.11

. Lie-Trotter of 3-dimentional Lotka-Volterra model, n = 10000.

x(t)

y(t)

#(t)

(1)

y(t)

Z(t)

© 00 N O Tt = W N =Tk

—
o

2.539358665
6.884939672
4.521697022
2.883422694
7.81787936

2.019878504
3.274977274
8.871623684
1.564977245
3.720144306

0.006884854
0.0037627

8.590502113
0.003799542
0.006796928
5.097262772
0.002458917
0.014526079
1.423979608
0.001853373

7.836776611
2.890413774
4.439027876
6.901632992
2.545496538
9.90254875
6.076469194
2.243167583
12.734119539
5.349331862

2.548201072
6.909033926
4.448045649
2.8988662695
7.859758915
1.988522903
3.298829967
8.935740307
1.565073422
3.754780839

0.006827039
0.003761458
8.59724065

0.003741118
0.006883753
4.941170514
0.002415725
0.014993352
1.330736849
0.001825631

7.848676661
2.894762461
4.496354809
6.899252441
2.544609303
10.057718329
6.062757995
2.238204683
12.778958848
5.326545535

Table 3.12. Absolute error of Lie-Trotter of 3-dimentional Lotka-Volterra model,

n = 10000.
t | Balt) Ey(t) B,2(t)
1 0.008842407 | 5.7815E-05 0.01190005
2 0.024094254 | 1.242E-06 0.004348687
3 0.073651373 | 0.006738537 | 0.057326933
4 0.015443576 | 5.8424E-05 0.002380551
5 0.041879555 | 8.6825E-05 0.000887235
6 0.031355601 | 0.156092258 | 0.155169579
7 0.023852693 | 4.3192E-05 0.013711199
8 0.064116623 | 0.000467273 | 0.0049629
9 9.6177E-05 0.093242759 | 0.044839309
10 || 0.034636533 | 2.7742E-05 0.022786327
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Table 3.13. Strang product of 3-dimentional Lotka-Volterra model, n = 10000.

x(t)

y(t)

z(t)

0

y(t)

2(t)

© 00 N O Tt = W N =T

—_
e

2.548190914
6.909006575
4.448910663
2.8987129796
7.859356954
1.989137578
3.298336
8.934462624
1.564970999
3.753494814

0.006827073
0.003761182
8.597672769
0.003740592
0.0068768866
4.945311843
0.002414746
0.014956381
1.334121434
0.001823703

7.848673569
2.894760423
4.495448067
6.899585734
2.544727129
10.054508574
6.063638979
2.2385139295
12.77971443
5.3283459125

2.548201072
6.909033926
4.448045649
2.8988662695
7.859758915
1.988522903
3.298829967
8.935740307
1.565073422
3.754780839

0.006827039
0.003761458
8.59724065

0.003741118
0.006883753
4.941170514
0.002415725
0.014993352
1.330736849
0.001825631

7.848676661
2.894762461
4.496354809
6.899252441
2.544609303
10.057718322
6.062757995
2.238204683
12.778958848
5.326545535

Table 3.14. Absolute error of Strang of 3-dimentional Lotka-Volterra model, n = 10000.

t [ Bat) Ey(t) B,2(t)

1 1.0158E-05 3.4E-08 3.092E-06

2 2.7351E-05 2.76E-07 2.038E-06

3 0.000865014 | 0.000432119 | 0.000906742
4 0.00015329 5.26E-07 0.000333293
5 0.000401961 | 6.8664E-06 | 0.000117826
6 0.000614675 | 0.004141329 | 0.003209755
7 0.000493967 | 9.79E-07 0.000880984
8 0.001277683 | 3.6971E-05 0.000309246
9 0.000102423 | 0.003384585 | 0.000755582
10 || 0.001286025 | 0.000001928 | 0.001800377
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Chapter 4. Koopman-Lie Invariant Subspace

“In mathematics the art of proposing
a question must be held of higher
value than solving it.”

—Georg Cantor

4.1. Introduction

In Chapter 3, we discussed a program to approximate the pointwise linear
Koopman-Lie semigroup flow T'(¢t)g(x) = e™g(z) = g(o(t,x)), where t — o(t,z) is
the underlying flow describing the dynamical system, and where g € M C F(£2,R) is an
observation. Since the semigroup flow is generated by the Koopman-Lie operator &, and
since KC can often be decomposed into a sum of operators, we suggested using operator
splitting methods; e.g., exponential splitting based on standard product formulas such as
the Lie-Trotter and Strang product formulas.

The Koopman-Lie operator, in general, is an infinite-dimensional linear operator
acting on a function space F(€2, 7). In this chapter, we suggest an alternative way to com-
pute e®g(z) = g(o(t,z)) via finite-dimensional invariant Koopman-Lie subspaces. Instead

K_invariant subspace thereof, our aim is to construct

of working on F(£2,C) or a “large” e’
a “small,” finite-dimensional subspace M C D(K) C F(£,C), spanned by linearly inde-
pendent observables {g1, g2, ..., gn} € F(2, C), such that XM C M. This approach allows
us to lift the nonlinear dynamical system to a linear one via the observables {g;}! , and
obtain information on the underlying flow o (¢, z) describing the dynamical system.

A particularly simple way to find an invariant subspace M and compute

g(o(t,x)) = e™g(z) is for an observable g that is an eigenfunction of K to an eigen-
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value \; i.e., a function g that satisfies Kg(z) = Ag(x) for all x € Q. In this case,

for all z € Q.
Suppose that g = [g1, g2, ..., ga]7 is a list of observables. Formally, ¢/(0, x) deter-

mines Kg(z) := g'(x) - 0’'(0, ) in terms of generators

for a large class of observations g. Now, if the class of observables g is chosen properly,
one can expect to obtain a wealth of information on o(t, z) from ¢’(0,z) alone. Therefore,
the Koopman-Lie eigenfunction method offers a promising way to describe and study the
dynamical system. The difficulties associated with utilizing this method involve the exis-
tence of eigenfunctions and identifying them. To address these difficulties, we will present
theorems related to the existence and algorithms for explicitly computing the Koopman-
Lie eigenfunctions for some dynamical systems, [26], [38], and [39].

4.2. Motivating Examples and the Existence of Koopman-Lie Invariant Sub-
spaces.

In this section, we examine the Koopman-Lie eigenfunctions by considering two
simple dynamical systems.

Example 4.2.1. Consider

7' (t) = 2%(t), x(0) = 2 € Q := [0, 0).

Then the initial value problem has a unique local solution z(t) = o(t,z) for all z € Q.
Clearly, t — o(t,x) is a flow and since o/(t, ) = o*(t, z) is positive, it follows that € is
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invariant under o; i.e, o(t,z) € Q for all x € Q and ¢ > 0 for which o’'(¢, x) exists. The

associated linear semigroup flow T'(t)g(x) = g(o(t,z)) has a Koopman-Lie generator
Kg(z) =g (z)-0'(0,2) = ¢ (x) (4.2.1)

for suitable observations g : [0,00) — R (or C). Clearly, the flow o (¢, x) could be easily
computed by a simple integration using separation of variables. However, since separation
of variables works only in a one-dimensional setting, we use the eigenvalue/eigenfunction
construction described above. A function g, is an eigenfunction for the eigenvalue A of the

Koopman-Lie generator I if
Kax(x) = 2*g\(z) = Agx() (4.2.2)

or

8>

ga(z) = ce

for some constant ¢ and for A > 0. If we take ¢ > 0, then

—A

-1 .
9 (z) = Inz —1Inc

for 0 <z < ¢, and
g (o(t,x)) = T(t)ga(x) = M ga(x).

This implies

(4.2.3)

M2 1—at

for 0 < ¢ < 1. Since m(z) = L forall z € [0,00), we get T'(t)g ¢ F(Q,R) for all g €
F(Q,R). In fact, T(t)g(z) is only defined for those z € O := {z € @ : m(z) = L >t} =
[0,1) and T'(¢) : g — T'(t)g is well defined only from F(Q,R) into F(, R).
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Example 4.2.2. Consider the dynamical system

2 (t) = ax(t),
(4.2.4)

wy(t) = Blx2(t) — 7i(t)),
with initial value (x1(0), z2(0)) = (21, 22) € Q := R% The unique, global solution of (4.2.4)
can be easily computed directly and is given by
71 (t) = 2™,
' 8
To(t) = wee’ + / P9 B2 (g = gpePt — ——a2(? — &),
0 20—

We will show next how this solution can also be computed by finding a finite-dimensional,
invariant subspace M C F(£2,R) of observations for the linear Koopman-Lie operator

K :g— Vg- f that is associated with (4.2.4); i.e.,

9,
K = azy— + B(zg — 27)

9
8x1 8x2 ’

If we choose M to be the linear span < g1, g2, g3 >C F(R?% R), where gi(x1,12) := 1,

Go(1, T3) := xo, and g3(z1, x9) := 2%, then,

Kgi(x1,20) = axy = agi (1, x2),
Kga(a1,22) = B2 — x7) = B(ga(a1, 22) — gs(w1, x2), (4.2.5)

Kgs(z1,29) = 202} = 2ag3(x1, 7).

Therefore,
Kg1 =K(1,0,0)p = (e, 0,0) 0 = gy,
Kgo =K(0,1,0)m = (0, 8, =8)m = Bg2 — Bys,
Kgs = K(0,0, 1), = (0,0,2a) p = 2a0gs,
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and K := K| is a linear map from M into M given by

a 0 0
K=10 5 0] (4.2.6)
0 -0 2«
and
et 0 0
e® =1 Bt o |- (4.2.7)
0 _2026: (eQat . e,Bt) e2at

This implies that

T(t>gl = etK(L 07 O)M = (eat’ 07 O)M = eatgl

p

_ K _ gt _
T<t)92 =€ (07 17 O)./\/l - (Oa e, 2% — B

(e = "))

Since

—~
~+

~—

Q

—~
8

~—
I

g9(o(t, ) = g(z:1(t), z2(t)),
where x;(t) and z5(t) are the unique solutions of (4.2.4) with initial value x = (z1,z5), it
follows that

21(t) = g1(21 (1), 22(t)) = ga(o(t, 7)) = T(t)g(2) = e gn ()

=e™g (21, 72)) = 21, and

22(t) = ga(21(), 2(t)) = ga(o(t, 7)) = T (t)ga(x)

s
200 — 8

_ Bt 5 2at Bty .2
=e’'ry — es — et
2 204—6( )2

(emt - G’Bt)gz;(ﬂfl, T3)

= Py (), 29) —
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It can be easily seen that /3 is an eigenvalue of the matrix K := K|, with eigenvector
g4 = (0,1, %)M = gs + %gg. Therefore, If we choose M to be the linear span <

g1, 91 >C F(R?, R), where g (x1,13) := 1 and g4(x1,22) = 2o + 2aﬁ_ﬁxf, then,

Kg1 = ag, (4 )
2.8
Kgs = Bga.

Therefore, with respect to M, the restriction K := K| i is a linear map from M into itself

given by
_ a 0
K= , (4.2.9)
0 8
and
3 et
oK
0 eft

This implies that

Since
T(t)g(x) = g(o(t,z)) = g(@1(t), 22(1)),

where x1(t) and z5(t) are the unique solutions of (4.2.4) with initial value x = (z1, z5), it
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follows that

71(t) = gi(21(t), 22(t)) = ga(o(t, 2)) = T () (x) = g1 (z) = €',

2(t) + 2@6_ 5961@)2 = ga(x1(t), 22(t)) = ga(o(t, x)) = T (t)ga(x)
= ePlgy (1, 20) = Play + 5o Beﬁtaﬁ, or

2o(t) = ”'wo + 5 5_/6@%% — 2045_ 3 1(t)?
:J%r-méﬂ@w—a%ﬁ

In the first example, the system has a unique local solution x(t) = o(t,x) for all
x € Q :=[0,00) and for 0 < ¢t < % In simple terms, the system blows up in a finite
time at m(z) = 1. Taking into account this example and Theorem 3, 2.5 in [38] and [39],
respectively, one is led to the following observation.
Remark 4.2.3. Let Q be a set and t — o(t,z) be an Q-invariant flow with Koopman-Lie

generator K. If m;,; := inf{m(x) : © € Q} = 0, then, for all A\ € C with Re(\) > 0,

Kgx = Aga, where 0 # g\ € F(Q,C) is given by gx(z) = exp(—Am(x)).

Proof. The Koopman-Lie operator is defined as

(Km@ﬁ:nm9W“ﬂ”—9@)

t—0

for those g € F (2, C) for which the limit exists for all x € Q. Define

gr(z) = exp(—Am(z)).

Since my,y = 0 and since A has positive real part, it follows that 0 # g, € F(€,C). Then,
for all x € Q2 and t > 0,

ot ) — ga(x)) _ exp(=Am(o(t,z)) — exp(=Am(z))

t t
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Since m(o(t,z)) = m(x) —t for 0 <t < m(x), the above equation equals

exp(—A(m(z) — ti) — exp(—am(z)) _ eXp()\tt) —! exp(—Am(z)).

By taking the limit as ¢ — 07, this implies that gy, € D(K) and Kgy(x) = Aexp(—Im(z)).

Thus, if Re(A) > 0, A is an eigenvalue of I with eigenvector g,. O

The existence of Koopman-Lie eigenfunctions can be locally determined by using
the Hartman-Grobman theorem [43]. It is a key result in the study of local behavior in
ordinary differential equations. It asserts that close to a hyperbolic equilibrium point x,
the nonlinear dynamics z'(t) = f(x(t)) is conjugate to the linear system y = Ay with the

Jacobian matrix A = [gg; |20)-

In [26], Matthew D. Kvalheim and S. Revzen extended the Hartman-Grobman the-
orem and proved the existence and uniqueness of global Koopman-Lie eigenfunctions for
stable fixed points and periodic orbits.

In the next section, we will provide an algorithm for computing explicit Koopman-
Lie eigenfunctions.

4.3. Computing the Koopman-Lie Invariant Subspace.

In the following, we expand the idea presented in the previous example towards
an algorithm to help identify finite dimensional subspaces for Koopman-Lie operators
and, therefore, to help compute explicit Koopman-Lie eigenfunctions. First, observe that

F(Q,C) is a C-algebra and that the Koopman-Lie operator

Kg=f-Vg (4.3.1)
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is a derivation; i.e., for all sufficiently smooth ¢, go € F (2, C),

K(g192) = K(g1)g2 + 91K(g2). (4.3.2)
Setting u = ¢1¢» and assuming that wu, gil € F(Q,C), (4.3.2) implies that ¢;K(g2) = K(u) —
K(g91)g2 = (K(u)g1 — K(g1)u)/g1 or

K (%) - K(“)glg}“’qgl). (4.3.3)

The following proposition follows immediately from (4.3.2) and (4.3.3).

Proposition 4.3.1. Let g1, go, hi, ho € F(Q,C) be sufficiently smooth. If

K(g91) = g1h1 and K(g2) = goho,

then

K(9192) = g192(h1 + h2) and K (%) = %(h1 — hy).
2

Lemma 4.3.2. Let f,% € F(2,C) be sufficiently smooth.
K™ =nf"'KK(f), foralln € Q. (4.3.4)

Proof. We will prove that 4.3.4 holds for all n € Z using induction. Let n > 0, the base

case is n = 2, then
K(f?) = K(f - ) = K(f)f + FR(f) = 2fK(f).
Assume that the statement true for some natural number n = k, ie.,
K(f*) = kf*1K(f), (4.3.5)

now, we need to show that the statement holds for n = k + 1,

KO = K- ) = KU F 4+ = kfFKU)F+ KUY = (k+1)FK(f). (4.3.6)
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We will show the case where the Equation 4.3.4 holds for —n < 0,

1 1 1
K(f - ?) = }’C(f) + f’C(?

1 1

) = ’C(f) =—5K(f) = K(f7)=-f7K(f). (43.7)

Suppose that Equation 4.3.4 holds for —k < 0, i.e.,
K(f™) ==k R(f), (4.3.8)
the inductive hypothesis follows immediately from Equations 4.3.7, and 4.3.8

(1) = KUFEF) = KU M) = =k 2K () =2 = (—h=1)f 2K (),
(4.3.9)

Now, we will address the case where the exponent is -, such that m >n > 0.
K™ = K((f=)"™) = (f=)"H(fm) + fre((fm)™ )
= (f)" () + o [(Fr)™ 2 m) + fm ()™ 2]
by repeating the process m — 1 times, and using Equation 4.3.5, we obtain:
— o\ n n n, .n._ ., n— n .n_
nfrK(f) = m(fm) T IK(fm) = K(fm) = —(fm) TS = —f YK(f)-

(4.3.10)

For n > m > 0, we can write * as ** = ¢ + -, where ¢ € Z, and r < n. Thus, applying

this to the function fm, we have K(fm) = - f = UC(f), which follows from the previously

stated argument and equation 4.3.5. O]

One of the interesting properties of Koopman-Lie eigenfunctions is:
Proposition 4.3.3. Let gy,, g5, € F(2,C) be sufficiently smooth. If (gr,, A1) and (gx,, A2)
are eigenfunction-eigenvalue pairs of K, so are (g5 gy;, a1 + aals), where ay,an € Q.
Moreover, if {(gx;, \i)}1—y eigenfunction-eigenvalue pairs of IC, so ([Tie; gnis D iy QiNi),
where o;’s € Q.
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Proof. By applying Lemma 4.3.2, then
K (g5 95 ) = 95, K(g5z) + K93, ) 9a
= gyl ang 2 K (gn,) + 32 angy T K(ga,)
(4.3.11)

= gl ongy T (Aagn,) + gtargyl T (Mg,

= (A1 + a2a) gy ghs-

Now, we will define a relation between eigenfunctions. Let (g, A) be a pair of

eigenfunction-eigenvalue, then the relation is defined, as
g~ g iff g, = agh, k€ Z,a € R and p = k. (4.3.12)

It can be easily seen that the relation in (4.3.12) is an equivalence relation. Therefore, the

equivalence class is given by

lox] = {9, i gu = agt, k € Z,a € R and p = kA}. (4.3.13)

The equivalence classes labeled 4.3.13 form a partition of the family of Koopman-Lie
eigenfunctions.

In the next section, we introduce an algorithm for explicitly computing Lie-
Koopman eigenfunctions. While this algorithm is effective in certain cases, a promising
direction for future research is to extend it to a large class of dynamical systems. The
algorithm is derived from Propositions 4.3.1 and 4.3.3.

4.4. Application of the Koopman-Lie Invariant Subspace Computation Algo-
rithm

The following examples show how this algorithm can produce eigenfunction - eigen-
value pairs for the Koopman-Lie operator that then, in turn, can be used to solve the
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Algorithm 4.5. Koopman-Lie eigenfunctions

Require: (1) 2/(t) = f(x(t)), with initial condition and (2) library of measurements © :=

(90 0, 6y --- Hn).
1: for i« {1,2,--- ;n} do
2: h; + %
3: HIi] + h; > H is an array of his
4: for i,5 «+ {1,2,--- ,n} do
5: A[Z,]] — h; + hj
6: Bli, j] <= hi — h;
7 end for
8: for a;; in Aor b;; in B do > ¢ 18 constant
9: if a;; :=h; +h; =cor b, ; :=h;, — hj = c then
10: return \; ; .= (a;;, ¥, = 0:6;)
11: or \;; = (bij,¢ij = bi)
12: end for ’

underlying ordinary differential equation. This is done to demonstrate that the method
works in some cases; the open problem is to determine its limitations and/or proper exten-
sions.

Example 4.4.1. Consider

() ==z(), z(0)=2€Q:=R (4.4.1)

with associated Koopman-Lie operator

K(g) = zg'(x)

for sufficiently smooth observations g € F(€2,R). In order to find eigenfunctions and eigen-
values, we use Algorithm 4.5. which requires an initial library © of possible measure-

ments like
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Table 4.1. Eigenfunctions of Example 4.4.1.

il 6 K0; = 0;h; h;
0 0 0
1| =z r =01 hy 1
2| a2 222 = O5hy 2
3| 23 323 = O5h; 3
Al x7b | =27 =6,hy —1
5] eM eMAr = O5hs AT
6| ez er (‘7’\) = Oghs _7’\

The table shows that ¢y (z) := z* are eigenfunctions to the eigenvalue k for k €
{-1,0,1,2,3}. By (4.3.13), all ¢, are equivalent to ¢;(x) = z. Now, let o(t,x) := x(t) be

the unique solution of (4.4.1). Then
2(t) = o(t,x) = di(o(t, z) = ™ () = ' (z) = 'z
Example 4.4.2. Consider

2'(t) = 2%(t), x(0) =2 € Q=R (4.4.2)

for sufficiently smooth observations g € F(€,R). Algorithm 4.5. with the same initial

library © of measurements as in the previous example.
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Table 4.2. Eigenfunctions of Example 4.4.2.

1| 0; K6; = 6;h; h;
0 1 0 0
1| = x? =01hy z
2| 22 223 = B0, 2x
3| 23 32t = O3hs 3x
4|zt —1=0,hy —x
5| e | erMAa? = O5hs | A2?
6| ex | —Aer =0Oshg | —\

Observe that 0g(z) = er is an eigenfunction for the eigenvalue —\. Thus, ¥y (z) :=
e is an eigenfunction for the eigenvalue . If o(t, z) := z(t) denotes the unique solution

of (4.4.2), then

A

e = Py (2(t)) = Ya(0(t, @) = X (x) = My (2) = Ne T

So, €7 — e or
x
1) =
z(t) 1 —tx
for t € [0, m(z), where m(z) = oo if # <0 and m(x) = 1/z if z > 0. O

We can also use the Taylor and Laurent series to determine the eigenfunctions.

Consider the following power series expansion: ¢(xz) = > >° _ c,a™, then
Vi (x) - f(x) = Mp(x)
~ o0 (4.4.3)
Z ne,a™ =\ Z "
where ¢, =0 for n > 0 and ¢, = ((__)\%CQ for n < 0. Therefore,
o . o0 —A n .
b =S =S




Example 4.4.3. Consider
2'(t) = 2%(t) + o, 2(0) =2 € Q:=C, (4.4.4)

where @ > 0 and z(0) = z € C. For sufficiently smooth observations g € F(£2,C), the

associated Koopman-Lie operator is given by
K(g) = (2 + a®)g'(2).

Consider the initial library as follows: © := {1,z,z + ¢,z + i, x — ia}.

Table 4.3. Eigenfunctions of Example 4.4.3.

1 0; K0; = 0;h; h;
0 1 0 0
1 T 22 +a? =0,hy | £

x

2 2
2| x4c | 2P +a=bhy | TEE

r+ia | 22 +a? =03hs | v —ic

4|z —ia | 22 +a?=0,hy | o +ia

It follows from Corollary 4.3.2 that

T+ ¢

() = 0u(x)/0s(x) =

T — i
is the eigenfunction to the eigenvalue 2iac = hy(x) — hs(x). If o(t,z) := x(t) denotes the

unique solution of (4.4.4), then

z(t) +ia
z(t) —ix

250t T+ 200
T — to

= G(a(t) = Y(o(t,7) = Fip(r) = Holh(a) = ¢

This implies that
x(t) +ic g, T Fia
— =t
x(t) —ia T — i
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Therefore,

ir+ a+ e* iz — a)
2(t) = a5 - -
e?iet(x +ia) — x + i

Equivalently,

z(t) = atan (at + tan_l(g))

for ¢ € [0, m(x)), where m(z) = L (3 — tan™(%)).

Example 4.4.4. Consider
2 () = 4x1(t) — 2x9(t), 21(0) = x4
zo(t) = 3x1(t) — 3wa(t), 22(0) = xs.
Equivalently, consider
2'(t) = Az(t),z(0) = z

with x(t) = (z1(t), 22(t)), x = (21, x2), and

The associated Koopman-Lie operator is given by

9] 0
ICg = (41’1 — 21’2) . a—:fl + (3.751 — 31’2) . 6—1?2,

Algorithm 4.5. requires an initial library of possible measurements like

0= (1 T1 Ty ary —I—bxg) :
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Table 4.4. Eigenfunctions of Example 4.4.4.

0 1 0 0
W5} 41’1 — 2.732 :91h1 %
2 T2 31]1 — 3$2 = 82]12 —3961;232?2
3 | axy +bxy | (4a+ 3b)x1 — (2a + 3b)xe = O3hs (4a+3b3211§7212+3b)$2

Looking at 63, we now find numbers A, a, b such that

4a + 3b = Aa and — 2a — 3b = \b.

In other words, we find the eigenvalues A and corresponding eigenvectors (a, b) of the ma-

trix

4 3

AT =
-2 =3
A—4 =3
Since (Al — AT) = has determinant A> — XA — 6, it follows that A = 3
2 A+3

is an eigenvalue with eigenvector (a,b) = (3,—1) and that A = —2 is an eigenvalue with

eigenvector (a,b) = (1, —2). Therefore, by the table above, if 0,(z) = 3x; — 25 and 05(x) =

r1 — 2x9, then K6, = 304 and K65 = —205. Since
D(@i(t), 22(t) = P(o(t, (21, 22)) = €™ (1, 25)
it follows that
321(t) — 2o(t) = O4(21 (1), 22(¢)) = €¥04 (21, 22) = €% (311 — x0)

and
21 (t) — 29(t) = O5(21 (1), 22(t)) = e 205(21, 29) = e 2 (1 — 225).
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This yields

z1(t) = Z((6€™ — e )y + (=2 + 2e7*)a,)

ol =

za(t) = = ((3e™ — 3™ )zy + (—€* + 6e™>")xs).

o] —

]

We can also use the invariant subspace method outlined in Example 4.4.4 to treat a

system of linear ODEs with constant coefficients
2'(t) = Az(t),z(0) = z

with x(t) = (z1(t), 22(t)), z = (21, x2), and

A:
c d

The associated Koopman-Lie operator is given by

0 0
Kg = (ax; + bxg)a—jl + (cxq + dmg)a—i.

If we choose M to be the linear span < g;,g0 >C F(R? R), where g(xq,23) =

g2(x1, x2) := x9, then,
’Cgl = K(17O)M = (a7b)M = ag + bgg,

’CQQ = K(Oa ]-)M = (C7 d)M = Cg1 + dQQ,

and K := K| is a linear map from M into M given by

a c
K=A"= ,
b d
and
K _ fia()  fra(t)

(4.4.7)

Zy,

(4.4.8)

(4.4.9)



can be computed explicitly with standard linear algebra or complex analysis methods.

This yields that
Tt)gr = e™(1,0) 0 = (fr.1(2), fro(t)m = frai(t)gr + f21(t)g2

T(t)g2 = ™0, 1) 0 = (f21(0), f22(E))m = f21(E)g1 + f22(t)g2.

Since
T)g(x) = g(o(t, z)) = g(z:1(t), z2(t)),

where x;(t) and z5(t) are the unique solutions of (4.4.7) with initial value x = (x4, z5), it
follows that

21(t) = g1 (21(t), 22(t)) = T (V) g1(21, 22) = fra(O)z1 + fan(t)22,

T2(t) = g2(21(1), 22(t)) = T (t)g2(21, 22) = for(D)z1 + fap(t)2a.

[
There are many methods for computing the matrix exponential, such as using the

Jordan canonical form or operator splitting methods, as detailed in the article "Nineteen
Dubious Ways to Compute the Exponential of a Matrix, Twenty-Five Years Later” by C.
Moler and C. V. Loan [32], and in the book The Theory of Differential Equations by Kel-
ley and Peterson [21].
Example 4.4.5. In Example 4.2.4, instead of using the invariant subspace method, we

will apply Algorithm 4.5.. Consider

2’1 (t) = axy(t)
(4.4.10)

2'a(t) = Blza(t) — 2i(t))
with initial (z1(0), 29(0)) = (21, 22) € R? and associated Koopman-Lie operator

N dg 2y 09
Kg = axn, B, + B(xg xl)axz.
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To find the eigenfunctions and eigenvalues, we apply Algorithm 4.5.; which relies on an

initial library of potential measurements, such as:
0= (1 T1 Lo X129 x% c1xo + 62:(:%) .

Table 4.5. Eigenfunctions of Example 4.4.5.

i 0; K8; = 0;h; h;
0 1 0 0
1 T axq :thl o
x? 22
2 T2 By —a}) = x2 (8 — B3L) = b2hy B—B%
x2 22
3 T1T9 T1T2 (5 — 5?; + a) = O3hs B — ﬁﬁ +a
4 x? 2017, = 2ax? = 0,0y 20v
CcC1x ac2—C x2
5| eiaat ] | ez + (200 — eyf)at = Gphy | Lomineans

It follows from Corollary 4.3.2 that ¢; = 6; and 1y = 6, are the eigenfunctions to

the eigenvalues o and 2« respectively. Looking at 5, we will find A, ¢;,and ¢y such that
Ber = Aep and — Beqg + 2ac = Aeo.

In other words, we find the eigenvalues A and corresponding eigenvectors (cq, ¢o) of the

matrix

g 0

-0 2«
It follows that A = [ is an eigenvalue with eigenvector (cy, o) = (1, %) and that A = 2«
is an eigenvalue with eigenvector (c1,c2) = (0,1). Therefore, by the table above, if 05(x) =

o + %x% and 04(x) = 22, then K05 = 305 and KO, = 2a,. Since

(1 (t), 22(t)) = Y(o(t, (21, 22)) = e™ (1, 22),
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it follows that

and

This yields,

11 (t) =z

T9(t) =29€% — b (e — ).

71(t) = 1 ()a2(t)

vy (t) = 5(t) — wa(t)

(4.4.11)

(4.4.12)

where (z1(0), z2(0)) = (z1,72) € Q2 := R? and with associated Koopman-Lie operator

99

Kg = :Ula:g—g + (xg — ”)ax )
2

81’1

We apply Algorithm 4.5. along with an initial library of possible measurements,

= 2 2
O: (1 Tl Ty T1Ty Ty To — 1 xl)-
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Table 4.6. Eigenfunctions of Example 4.4.6.

i 0; KO; = 6;h; h;
0 1 0 0
1 T 129 = O1h Ty
2 T9 13— Ty = xo(xy — 1) = Oshy | 19— 1
3| 7179 r129(2x9 — 1) = O3hg 279 — 1
4| a2 2xomhy = 203 (g — 1) = O4hy | 229 — 2
5| wy— 1| 23— x9=x9(x0 — 1) = O5hs3 T

It follows from Corollary 4.3.2 that ¢ = z—; = i—; and 1y

are the

eigenfunctions to the eigenvalues 1 and —1, respectively. It is clear that ¢, = 3! and

follows from Equation 4.3.13 that ¢, ~ 3.

Now, solving the following equation
w(o-(t7 (xly 33'2)) = etlcw(l.la 1'2)

where o(t, (x1,22)) := (z1(t), z2(t)). So,

(o (t, (21, 22)) ="y (21, 72)

and
Pa(o(t, (21, 22)) =™ o (1, 22)

(1) _—t_ *2
.TQ(t) —1 To — 1

By solving Equations 4.4.15 and 4.4.16, then the solution can be written as

T
1) =
zi(t) ety +1— a9
—t
:Eg(t) _ € "To

e trg — a9+ 1
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Example 4.4.7. Consider the system

1(t) = z1(t)22(t) — z1(t)
(4.4.18)
wy(t) = 23(t) — 21 () + 22(t)

where (z1(0), z2(0)) = (71, 72) € Q := R? and with associated Koopman-Lie operator

0 0
Kg = (v129 — :1:1)8—51 + (22 — 2y + :@)8—;}2 (4.4.19)

The initial library of possible measurements
O := (1 Ty T1To X1 — Ty axy+ b$2> :

Table 4.7. Eigenfunctions of Example 4.4.7.

i 0; K0; = 0;h; h;

1 0 0
1 T T1T9 — T1 = 91h1 Ty — 1

2 2 2w x3—2?
2 1T 2I11’2 — I = Qghg —x12332 !
3 Ty — T2 ToX1 — iB% — 29 = O3hg —m(ﬁll:zz_l)
4 Tr1 — T — 1 33'2(171 — T9 — 1) = 94h4 )
a(zize—x b(x2—z1+x

5| ary +bry | alzimy — 1) + (22 — 21 + 13) = Oshs (@122 alx):régcz 1ta2)

al(r1r2—x 1172—"17 €T — —0)x . .
Looking at s, we have hy = 22122 al‘,g;fl(mz 1) gy 1+ % By sitting
b = —2a, in particular, choose a = 1 and b = —2. Therefore, 05 = x1 — 229 and hs = x5+ 1.
It follows from Corollary 4.3.2 that ¢y 1= % = —L— and ¢ := § = —H— are
the eigenfunctions to the eigenvalues —1 and —2, respectively.
Since
V(o(t, (z1,29)) = e®ap(xy, x5) (4.4.20)
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where o(t, (x1,22)) := (21(t), z2(t)). It follows that

U1(o(t, (z1,22)) =™ty (21, )

(4.4.21)
w1(t) ot L1
xl(t)—xg(t)—l l’l—ZL‘Q—l
and
Ua(o(t, (21, 12)) =" 1o (21, 72)
(4.4.22)
Q) _ -
_—— et
l’l(t) — 2[L‘2(t) 1 — 21‘2
By solving Equations 4.4.21 and 4.4.22, then the solution can be written as
o a3 —2t
l'g(t) _ xr1—To—1 (1’1—:52—1)(1‘1—2:02)2
_ 1 + 211 et — 2z7 e—2t
xr1—x2—1 x1—2To (x1—22—1)(21—222) (4423)
i) + 1
xl(t> :1 o xl—xz—let'
x1
O

In the next section, we will explore one of the most important applications of
Koopman-Lie eigenfunctions, specifically the Koopman-Lie eigenfunction with eigenvalue
A = 0, commonly known as the Hamiltonian function and denoted by H.

4.5. Applications of Koopman-Lie Eigenfunctions

The Hamiltonian function is highly useful in various fields of physics and mathe-
matics, particularly in classical mechanics, quantum mechanics, and even in modern appli-
cations like optimization and control theory.

In particular, the Hamiltonian function H can be used to assess the quality of the

splitting method discussed in Chapter 3. The relative error E, can be measured by:

|H(o(t,z)) — H(o(0,2))|

B = T H 0 0,0)]

. (4.5.1)

In this section, we will use Algorithm 4.5., Lemma 4.3.2 and Proposition 4.3.3, to derive
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the Hamiltonian function for both the Lotka-Volterra model and the Kermack-McKendrick
model.

The Lotka-Volterra model (LV2D) is a predator-prey model that describes how
two interacting species evolve over time — one acting as the predator and the other as

the prey. The system is governed by the following set of differential equations:

2'(t) = ax(t) — Bz (t)y(t)
(4.5.2)
y'(t) = oz (t)y(t) — yy(t),
where x(t), y(t) represent the populations of the prey and the predator, respectively, and
the parameters «, 3, d,v correspond the prey’s growth rate, the rate of predation, the
predator’s growth rate per prey consumed, and the natural death rate of the predator in

the absence of prey, respectively.

The initial (21(0), z2(0)) = (x1,z2) € Q := R% and with associated Koopman-Lie operator

0 0
Kg = (ax; — 63:1:@)8—51 + (0x1x9 — 73:2)8—52. (4.5.3)

To find the Hamiltonian function, we use Algorithm 4.5. and the initial library of possi-

ble measurements
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Table 4.8. Hamiltonian function of LV2D.

il b K0; = 6;h; h;

0 1 0

1| a] | el ai(o = Bra) = 2l (ya —4fxs) = iy | ya — Bz,

2| z% axy o (dzy — ) = Oxhy adry — ary

3| edm ded1z1 (o — Bay) = O3hs daxy — 0x 1T
4 | ePr BePe2gy(day — ) = O4hy Béxix9 — Pyas

Notice that (hs + hy) — (h1 + he) = 0. Thus, the Koopman-Lie eigenfunction corre-
sponding to the eigenvalue A = 0 is derived from Propositions 4.3.1, 4.3.3 , and Algorithm

4.5. is given by

65361 651102

H((L’l,x‘g) = (454)

Ty g
Remark 4.5.1. Equation 4.5 is equivalent to the standard Hamiltonian function derived

using the integral method. Let
(1) = Fi(x(t), y(t)) = Fuu(z(t)) Fia(y(t))

y'(t) = Fa(x(t),y(t)) = Fa(2(t)) Faa(y(t))
with initial conditions (xz(0),y(0)) = (x1,y1) € ). Then there exists a function H(x,y)

such that H(z(t),y(t)) = H(z(0),y(0)), for all z = (x,y) € Q and 0 < ¢ < m(Z), where

e = [ Ecte =] ma @2

and

H(o(t,z)) =c=e™H(z,y) = KH(z,y) = 0.

Proof. Since the system is separable, we can rewrite it as follows

dr _ Fi(z)Fia(y)
dy  Fo(x)Fn(y)’
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integrating both sides:

[Raie= [ mgare = [Re- [ Fga-c

Now apply (4.5.5)to the Lotka-Volterra system

v'(t) = ax(t) — B (t)y(t)
y'(t) = sx(t)y(t) — y(®),
with initial (2(0),y(0)) = (z,y) € Q. By sitting Fi;(z) = z, Fi2(y) = a — By, Fu(z) =

dx — 7, and Fy(y) =y, then we have

o[ Bk [0

=vyIn|z|+ 0z — aln|y| + By.
m
Now, using Equation 4.5, for given initial conditions: o = 0.5, 8 = 0.02, § = 0.01,
v = 0.1, (0) = 100, y(0) = 10, considering the number of iterations n = 1000 and
total time ¢ = 100, we compare the approximation of the solution obtained by the splitting

methods o(t, (z,y)) and the Runge-Kutta method (RK45) &(¢, (x,y)), which results in the

following;:
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ODE Solutions

Time

(a) ODE solution.

Phase Plot: x vs. y

(b) Phase plot.

Figure 4.1. Comparison of the third-order method and RK45 for the LV model.

Table 4.9. The E, of the third-order approximation is compared with F; of RK45 for the

LV model.
Time H(z,y) H(z,7) E, E;
0 0 0 0 0

10 1.12606e-07 2.88435e-06 2.734427e-07 | 7.00409473e-06
20 1.12605e-07 3.2169266e-05 | 2.7344142¢-07 7.811685e-05
30 1.126074e-07 3.32956e-05 2.734453e-07 8.085194e-05
40 | 1.12631638e-07 | 3.62404905e-05 | 2.7350418e-07 | 8.800303e-05
20 1.0991952e-07 | 3.44472265e-05 | 2.6691832¢e-07 | 8.3648437e-05
60 1.94687623e-07 | 3.735858e-05 4.727613e-07 9.071814e-05
70 1.946644e-07 6.1164952¢-05 | 4.72704934e-07 0.00014853
80 1.9466613e-07 | 7.3077776e-05 | 4.727091e-07 0.0001774553
90 | 1.946782904e-07 | 6.93063451e-05 | 4.727386e-07 | 0.0001682971
100 1.952592e-07 6.925106e-05 | 4.74149332¢-07 | 0.000168163
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According to the Table 4.9., we observe that the third-order approximation achieves ac-
curacy comparable to RK45 when the number of iterations n is sufficiently large. We also

compare the Lie-Trotter, Strang, third-order, and sixth-order methods to RK45.

Table 4.10. Relative error of different approximations for the LV model at ¢ = 100.

| Method n = 100 n = 1000 n = 10000
Lic-Trotter |  0.491634141 | 0.027463401243 | 0.0023093248
Strang 0.03299725522 | 0.0002932121 | 2.933394141¢-06

Third order | 0.018645393334 | 4.74149332e-07 | 3.619100108e-11
Sixth order 7.57745275e-07 1.7469835e-13 3.8956654¢e-14
RK45 0.00016816282452 0.000168163 0.000168162825

Remark 4.5.2. We observed that increasing the number of iterations and the order im-
proves the accuracy of the approximation. The third- and sixth-order methods give better
accuracy for larger values of n.

The Kermack-McKendrick model (SIR), is a mathematical framework used to
describe the spread of infectious diseases within a population. The dynamics of the model

are described by a system of ordinary differential equations:

1 (t) = —awy (t)zo(t) (4.5.6)
2'o(t) = axq(t)za(t) — Baa(t) (4.5.7)
2'3(t) = Bao(t) (4.5.8)

where (21(0), 22(0), 23(0)) = (z1,72,23) € Q := R} and z1(¢), z2(t), and x3(t) are the
number of susceptible, infectious, and recovered individuals at time ¢, respectively. The
parameter « is the transmission rate (the rate at which susceptible individuals become

infected), and 3 is the recovery rate (the rate at which infectious individuals recover).
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The associated Koopman-Lie operator

B dg dg dg
Kg= olea:ga—xl + (oo BxQ)G_xg + Bxs s’ (4.5.9)

Using Algorithm 4.5. and the initial library of possible measurements
©:= (1 x{ :L"f Ty et e eors ebr1 bz 65“)

Table 4.11. Hamiltonian function of the Kermack-McKendrick model (SIR).

i| 0 K6; = 0;h; h;

0 1 0 0

1] ¢ —aQJ:gx‘f =0:h —a?z,

2 :cf —ozﬂ:cga:f = Oyh9 —afTy

3| % alaxry, — B)xg = Oshs o’ry — af

4 | e —a2x 19" = O,hy —a’x12,

5| e**2 axs(ar;—)e? = Oshs a’rex1 — afxs
6| e¥s afxee™™3 = Oghg afxsy

7| efm —afBr 2957 = 07Dy —afr1xy

8 | P2 | (aBxizy — BP22)e ™2 = Oshg | aBxizy — B2y
9 | efrs B2x0e’*3 = Oghy 3224

Notice that hy — (hy + he) = 0. Thus, the Hamiltonian function is given by

zy

60111 eaﬁ?g

H(l’l,ZEQ,Ig) = (4510)

For the given initial conditions: @ = 0.5, § = 0.3, x(0) = 0.99, y(0) = 0.01, z(0) = 0.01,

considering the number of iterations n = 1000 and the total time ¢ = 100,
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ODE Solutions

0.8

0.6

Values

0.4

02

0.0

——- x(t) (Method)
—=-y(t) (Method)
——- 2(t) (Method)
— x(t) (RK45)
— y(t) (RK45)
— z(t) (RK45)

100
Time

Figure 4.2. Comparison of the third-order method and RK45 for the SIR model.

Table 4.12. The FE, of the third-order approximation is compared with E; of RK45 for the

SIR model.

H Time \ E, E;
0 0 0
10 | 2.310943e-12 | 2.5121726-09
20 | 8.812683e-13 | 2.350606e-09
30 | 1.353481e-12 | 1.159298e-09
40 | 4.966314e-13 | 1.666694e-09
50 | 4.729473e-13 | 2.270360e-09
60 | 4.920415e-13 | 2.350518e-09
70 | 4.981002e-13 | 2.410142e-09
80 | 4.995690e-13 | 2.427375e-09
90 | 5.004870e-13 | 2.431035e-09
100 | 4.995690e-13 | 2.432801e-09

Table 4.13. Relative errors for different approximations for the SIR model at ¢ = 100.

| Method n = 100 n=1000 | n=10000
Lie-Trotter 0.000471 0.000049 [ 1.313878¢-05
Strang 6.887782¢-06 | 6.889311¢-08 | 1.458724¢-09

Third order

9.376734e-09

4.995690e-13

3.121159e-15

Sixth order

1.578939e-14

4.773537e-15

3.231317e-14

Runge-Kutta (RK45)

2.432801e-09

2.432801e-09

2.512172e-09
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Moreover, we can use Proposition 4.3.3 and Algorithm 4.5. to find Hamiltonian
functions in higher dimensions. For example, consider the Lotka-Volterra model in three

dimensions (LV3D):

where (21(0), 22(0), 23(0)) = (z1,22,23) € Q := R? and with associated Koopman-Lie
operator
g

0 0
ICg = (.’L’l — xlﬂﬁg)a—i -+ (1’11’2 — .1'233’3)8—:52 + (1'2.1'3 — l‘g)a—xg (4511)

The initial library of possible measurements

O = <1 T1 Ty x3 €% e*2 6$3)

Table 4.14. Hamiltonian function of LV3D.

i | 0 K0; = 0;h; h;

0| 1 0 0

1] x x1(1 —x9) = 611y 1 — 9

2| @ xo(r1 — x3) = O2hs T1— I3

3| x3 x3(xg — 1) = O3h3 T9 — 1

4| e™ | e (xy — 1129) = O4hy X1 — T1T9
5| ™ | e*2(xqxy — wows) = Oshy | Tox1 — 2213
6| e™ | e"(x3xe — x3) = Oghg T3Ty — T3

Notice that (hg + hs + hg) — ho = 0. Thus, the Hamiltonian function is given by

etrer2e®s
H(zy @) = ———
o)
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For the given initial conditions: z(0) = 1, y(0) = 0.5, 2(0) = 2.0, considering the number
of iterations n = 10000 and total time ¢ = 100. The relative error E, of the third-order ap-

proximation is compared with the relative error E; of RK45, as shown in the table below.

Table 4.15. The FE, of the third-order approximation is compared with E; of RK45 for the

LV3D model.

| Time | E, E-
0 0 0
10 6.509697e-12 | 3.525271e-06
20 4.169277e-10 | 2.434830e-06
30 4.439513e-10 | 1.394332e-06
40 3.136666e-11 | 8.461986e-07
50 2.383949e-11 | 5.630829e-07
60 1.185222e-10 | 4.091040e-06
70 3.322321e-10 | 2.198812e-06
80 6.381623e-11 | 3.484594e-07
90 7.620545e-11 | 2.968360e-06
100 | 2.582701e-10 | 4.961482¢e-06

We show that the relative error E, is smaller for the third-order approximation than
for the Runge-Kutta method, indicating better accuracy. Similarly, we compare the

Lie-Trotter, Strang, third-, and sixth-order methods with the Runge-Kutta method.

Table 4.16. Relative errors for different approximations for the LV3D model at ¢t = 10.

| Method n = 100 n = 1000 n = 10000
Lie-Trotter | 0.275905 0.000824 0.000053
Strang 0.000884 0.000012 | 2.379111e-08

Third order

2.527004e-06

6.509697e-12

1.287392e-15

Sixth order

4.175656e-11

6.866090e-15

1.120031e-13

RK45

4.850160e-06

3.525271e-06

3.595274e-07
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Appendix A.

The main reference used in this appendix is [33].

Definition A.0.1. A topological space € is called a Hausdorff space if for each pair
x1, xo of distinct points of €2, there exist neighborhoods Uy, and U; of x; and w9, respec-
tively, that are disjoint.

Definition A.0.2. A topological space §2 is said to be locally compact at x if there is
some compact subspace K of € that contains a neighborhood of . If 2 is locally compact
at each of its points, €2 is simply said to be locally compact.

Note that a compact space is automatically locally compact. For example, the
space R™ is locally compact Hausdorft space; the point x lies in some basis element
(a1,b1) x +-+ X (an,by,), which, in turn, is contained within the compact subspace
lay,b1] X -+ X [ay, by].

An alternative formulation of local compactness, one that is more intrinsically 'local,’ is
equivalent to our definition when 2 is Hausdorff.

Theorem A.0.3. Let Q) be a Hausdorff space. Then €1 is locally compact if and only if
giwen x in ), and given a neighborhood U of x, there is a neighborhood V' of x such that
Vis compact and V C U.

Definition A.0.4. Let Q be a locally compact Hausdorff space equipped with the supre-

mum norm of a function g on ), denoted ||g||~, is defined as:

19lloc = sup |g(z)].
e

Theorem A.0.5. The space

Cn() = {9 € (@) | _lim_g(x) = 0}
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18 a Banach space when equipped with the supremum norm

19]loo = sup |g()]. (A.0.1)
€

Proof. We verify that C,,(€2) is a vector space, and then we show completeness under the
supremum norm. To show that C,,(£2) is a vector space, we check closure under addition
and scalar multiplication.

Let g, h € C,,(2). Then, for any sequence x, — 0,,(2),

li n) =0, li h(x,) = 0.

Then, lim (g(z,)+ h(z,)) =0. Thus, g+ h € C,,, ().

Tn—0m ()

Now, for any A € R and g € C,,(€), we have lim,, s, g(z,) = 0. Therefore,
we get limg,, ,a,,(0) Ag(zn) = A -0 = 0. Thus, Ag € C,,(Q), proving closure under scalar
multiplication.

To show that C,,(2), is complete, we must prove that every Cauchy sequence {g,}
in C,,(€2) converges to a function g € C,,(2). Since {g,} is Cauchy; for every ¢ > 0, there
exists N such that for all n,k > N, ||gn — gk|l < €. Since Cp(£2) is complete, there exists

g € Cp(Q2) such that lim, o ||gn — 9|lcoc = 0. Thus, g, — ¢ uniformly in Cy(€2). Since each

gy, satisfies, lziam(sz gn(z) = 0. For any € > 0, there exists ny such that for all n > ny,
Z—Om,

€
sup |g,(2) — g(2)] < 5.
z€Q

Since gn,(z) — 0 as  — 0y, we can choose x close to 9y, so that |g,(7)| < 5. Thus,

19(2)] < 19(x) = gno ()] + [gny ()] < €.
Since € was arbitrary, it follows that lim,_.,, (o) g(z) = 0. Thus, g € Cy,(2). O
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